FORMULA SHEETS

1. Radial, velocity, and acceleration vectors in 2-D polar coordinates (r,0):

T = Té;
7 = ié, + rfég;
a = (¥ —r6®)e, + (210 + rh)eé,.

2. Radial, velocity, and acceleration vectors in cylindrical coordinates (R, ¢, z):
7 = Rép + zé,;

— Rép + Roé, + 3é.;

— (R — R¢*)én + (2R¢ + Ro)éy + 2é..

<y

U

3. Radial, velocity, and acceleration vectors in spherical polar coordinates (7,0, ¢):

T = ré,;
U = 1é, + Téég + rsind qﬁé¢;
@ = (i — rf* — r¢*sin0)é, + (270 + 16 — r¢? sin 0 cos 0)ég

+ (27¢sinf + rosin 6 + 2rfe cos 0)é,.

4. Circular motion: For a wheel rotating about a fixed axis at angular speed, 6 = w, and
angular acceleration, 6 = «,

Utan = TW and Qtan = T,

where: i, aran are the tangential velocity, acceleration of
a point P on the rim of the wheel relative to its axis; and
r is the radius of the wheel.

In addition to ata,, point P has a centripetal acceleration
directed toward the axis given by:

2
v
t
Aep = —22 = W77
T

5. Centripetal acceleration: For an object moving at speed v in a circular path of radius
r, its centripetal acceleration directed toward the centre of curvature is,

2
ep = — = W°r
P r )

where w = v/r is the angular speed.



6. Rolling motion (no-slip condition): Let C correspond to the axle of the wheel. Then,
for the wheel to roll without slipping,
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Q Ve,

o =1 = rb; Ve = TWw; ac = ra,

where: x¢, ve, and ac are the distance traveled, transla-
tional speed, and acceleration of the axle respectively; r is
the radius of the wheel; w = 9, o = 0 are the angular speed,
acceleration of the wheel about C.

7. Variations of Newton’s Second Law for rectilinear (1-D) motion:

ZF m ma mt mdv m dv*
— — — — —_— = ——
“ v v dx 2 dx

8. Equations of kinematics for constant linear acceleration, a, or angular acceleration, «:

T = xo + vot + sat’® 0 = 6o + wot + 3at’
v = vy + at w = wy+at
v? = v2 + 2a(z — 1) w? = wi + 2a(0 — b))

9. Frictional forces (Coulomb model):
S = Vs Js < usN; D = 01U—|—02U2,

where fy, fs, and D are the kinetic friction force, static friction force, and “air drag” respec-
tively, N is the normal force, v is the velocity of a particle through the air, and where the
remaining quantities are coefficients.

10. Work done by a force along a path: A

B dr
W:/F-dr. If
A B

If F is conservative, then W depends only on the end points A and B, independent of the
path chosen between them.

11. Work-kinetic theorem: Work done by all external forces along a path between points
A and B is equal to the difference in kinetic energy at points B and A:

YW =AK = Z/Bﬁext,i-df:KB—KA.
. JA



12. Conservative forces: If F = F(7) and V x F =0, F is conservative and there exists
a scalar function, U(r), the potential energy, such that,

F = —VU(7).
For rectilinear (1-D) motion, if F is a function of x only,

F(x) = —% and  U(z) —U(zy) = _/r F(a')da'.

13. Conservation of mechanical energy: In a system where all forces are conservative,
mechanical energy is conserved:

E =K+U = 1mv®+ U(F) = constant,
where K and U are respectively the kinetic and potential energies of the system.

For rectilinear (1-D) motion, if F' is a function of x only, mechanical energy is conserved:
E =K+U = 1mi® +U(z) = constant,

where K and U are respectively the kinetic and potential energies of the system.

14. Simple harmonic oscillator (SHO): Any system of mass m whose differential equa-
tion of motion has the form,

d*z 9

ﬁ -+ Wol = O,
or whose total energy has the form,

1 1
E=K+U= §mx'2 + §mw§x2 = constant,

describes an undamped, undriven SHO oscillating at angular frequency wy (rads™).
The solution to either of these equations can be written in three forms:
x(t) = Acoswt + Bsinwgt = xgcos(wot — ¢g) = ae™° 4 be 0!

where: A, B € R are constants of integration set by initial conditions;
xo = amplitude of oscillation;
¢o = phase of oscillation;

a,b € C are constants of integration set by initial conditions.

15. Hooke’s Law spring: an example of a simple harmonic oscillator.

When stretched /compressed a distance z, a Hooke’s spring exerts a restoring force, F' = —kx,
where k is a constant and the minus sign means the force opposes the distortion.



Coupled with Newton’s second law,
d*x .k

which describes a simple harmonic oscillator whose equation of motion is,
z(t) = Acoswyt + Bsinwyt,
where wy = /k/m is the frequency of oscillation.

Potential energy stored in a Hooke’s spring,
€T €T 1
Ule) — Uy = — / F(a')da = k / dir = UG = ke,
0 0
taking Uy = U(0) = 0. Thus, total energy of a Hooke’s oscillator in motion is:

1 1
E = §m$2 -+ 5]{?%’2

16. Period of oscillation: If the angular frequency of oscillation is w (rads™!), the period
of oscillation in seconds is:
27
T = —.
w

17. Damped harmonic oscillator: The differential equation of motion for a damped
harmonic oscillator is,

i+ 2vE + wiz = 0, (1)
where: ~ = damping coefficient;

wo = angular frequency of the undamped oscillator.

For initial conditions z(0) = xy and @(0) = 0, the solution to equation (1) is:

(xoe_w <cosh qt + % sinh qt) , 77> wp (overdamped);
0 xoe (1 + A1), v = wy (critically damped);
2(t) =
zoe Z—Z cos(wat — bp), v < woy (underdamped);
| 70 cos wot, v =0 (undamped),

where: xy = initial displacement of oscillator;

q = \/7* = wi;

wqg = \/wd —~% = angular frequency of damped oscillator;

0y = sin! M. phase lag of damped oscillator.

Wo



18. Quality factor of a damped harmonic oscillator, ()4, is a measure of how slowly
the total energy of an oscillator is lost to damping. For underdamped systems,

Qa

b

where: wgq = angular frequency of the damped oscillator;

v = y/wi — w?, the damping coefficient;

wg = angular frequency of the undamped oscillator.

19. Driven, damped harmonic oscillator: The differential equation of motion for a
damped harmonic oscillator driven by a sinusoidally-varying force is,

F
i+ 2y% 4+ wiz = =2 coswt, (1)
m

where: ~ = damping coefficient;
wo = natural angular frequency of the undamped oscillator;
m = mass of the oscillator;
Fy = amplitude of the driving force;

w = angular frequency of the driving force.

For initial conditions (0) = 0 and #(0) = 0, the solution to equation (1) for an underdamped
(7 < wp) oscillator is:

2(t) = —Ae XY cos(wat — 0) + Acos(wt — @),
Wd L, N

fl:zt) p(t)

where: xy,(t) = transient term (homogeneous solution) which dies away with time;

z,(t) = steady-state term (particular solution) remaining after transient disappears,

Fy/m
and where: A = o/ = amplitude of steady-state oscillation;
V(W — w?)? + 4y

wqg = y/wd —~% = natural angular frequency of damped oscillator;

2 2
wh +w .
tanf = —- 372 = phase lag of transient term;
Wq Wi —w
2yw
tangp = % = phase lag of steady-state term.

20. Driven, damped harmonic oscillator, steady state: Ast — oo, equation of motion
for a damped oscillator driven by a force F(t) = Fycoswt is:

x(t) = Acos(wt — ¢),

bt



F(]/m

where: A = = amplitude of steady-state oscillation;
VRt
2w s
tan¢p = ———— = phase lag of steady-state oscillation.

m = mass of the oscillator;
wo = natural angular frequency of the undamped oscillator;

v = damping coefficient.

21. Resonance: Maximum amplitude of a driven, damped oscillator is: Ay .x =
when driven at the resonant frequency,

wy = \Jwd — 272 = Jwi — 2,

where: Fy = amplitude of the driving force;

2mywy’

m = mass of the oscillator;

~v = damping coefficient;

wq = y/wis —~% = natural angular frequency of damped oscillator;

wo = natural angular frequency of undamped oscillator.

Sharpness of resonance is defined as,

Aw Wy — w_ 1
= = — ~ — for v < wy,
Wr Wr d

S

where: Aw = full-width-half-maximum (FWHM);

wl = w? £ 29wy (note the squares!)
2

max’

= driving frequencies where A? = %A

W,
Qq = =4 = quality factor.
2y

22. Projectile motion in an inertial frame of reference. In the absence of air resistance,
the position components of a projectile are given by:

x(t) = x9 + (vo cos a)t; (horizontal component)

1
2(t) = 2o+ (vosin )t — §gt2, (vertical component)

where: (¢, 0, z9) = initial position of the projectile;
vp = initial speed of the projectile;

a = angle between 9y and the horizontal in the z-z plane.



By setting o = 0 and eliminating ¢ between the x- and z-components, one gets the trajectory
equation:
g 2
z(x) = zo+artanow — ————x".
(z) 0 202 cos?a
Including air resistance of the form: D= —m~v, where « is a constant and m is the mass
of the projectile, the position components and trajectory become:

Vp COS & o 1( , g) o gt
x(t) = 1—e™); 2(t) = — (vesina+ = | (1 —e ") — =.
0 = 21— s0) = = (wsina+ 2] (1- o) - 2

z(x) = ’ (vosina—l—g)—l—%ln<1— i )
Vo COS & v v vp sin «

23. Non-inertial frames of reference and Coriolis’ theorem: Kinematical quantities
in an inertial (O) and non-inertial (O’) frames of reference are related by:

7 =7 +R;
T =7 +dx7 +V; N
. B} Mas
ad=a+0x7+20x0" +d x (G x7)+ A, R
vy
where: 7 = position of m relative to O; r
7" = position of m relative to O’;
R = position of O’ relative to O;
v = velocity of m relative to O;
v" = velocity of m relative to O'; X
V = velocity of O’ relative to O;
& = angular velocity of O’ relative to O about a fixed axis (e.g., n);
a = acceleration of m relative to O;
a@' = acceleration of m relative to O’; and
A = acceleration of O relative to 0,

and where the inertial accelerations are defined as follows:

—@ x 7' = transverse acceleration;  —2& x v’ = Coriolis acceleration;

— x (0 x 7") = centrifugal acceleration; A = translational acceleration.
Coriolis’ theorem: | F' = md’ = F—md x 7 —=2md x 0" —md x (Jd x ') — mA,
where:

F' = forces observed in O'; ' = ma, real forces observed in O;



N —/ — — —/ - - -
—mw X 1 = transverse force, F|; —2mw x v = Coriolis force, For;

—md x (J x ") = centrifugal force, Fon; —mA = translational force, Fian.

24. Projectile motion near the surface of the earth (a rotating frame of reference):
In the absence of air resistance, the position components of a projectile are given by:

2 (t) = x4 @t — wt*(2) cos A — Fosin \) + swgt® cos A; (east-west)
y'(t) = yb+ yht — wipt?sin \; (north-south)
Z(t) = 2+ 2t — Lgt* + wipt® cos A, (up-down)

where (z, ¥}, 2) is the initial position of the projectile, (i, ¥, 2) is its initial velocity, w is
the rotation speed of the earth (7.292 x 107° rads™!), and X is the latitude.

25. MacLauren series for some common functions:

R 2?2zt af
smxzz—ajtg—ﬁ—l—...; cosle—?jtﬂ—ﬁjt...;
ST In(1 + ) AL
e = T4+ 4+ nl+z) =o——+=> " 4.,

2 3! ’ 2 3 4

26. Hyperbolic trigonometric functions and identities:

sinh(z) = e-c cosh(z) = i;
2 2
@ inh(z) = cosh(z); @ h(z) = sinh(z);
de ) — COS ZIZ', d{L’COS r) = S Z);

cosh?(z) — sinh?(x) = 1.

27. Some trigonometric identities:

sinf = \/1_%829; sin(f + ¢) = sin# cos ¢ + cos 6 sin ¢;

sin 20 = 2sinf cos6;

cosf = \/H%S%; cos(f + ¢) = cos b cos ¢ — sin @ sin ¢;

cos 20 = cos’f — sin’é;

- . . _ tanf+tang
tanf = (:0‘5(2 9), tan(f + ¢) = 1 — tanftan o’

- _ _ cotfcotg—1
cotf = tan<§ —6’)7 cot(0 + ¢) = cotf+cot g



28. Small angle approximation: For § < 1 where 6 is in radians,

sinf ~ tanf ~ 0 and cosf ~ 1.

29. Integration by parts:

b b b
/ udv = uv —/ v du.
a a a

30. Solving a first-order ODE by separation of variables: A first order ordinary
differential equation of the form,
dy _ f(=)

dx_@

where f(x) and g(y) are arbitrary functions is separable, and can be rewritten as,

Y

9(y)dy = f(z)dr = /g(y) dy = /f(:c) dx.

31. Solving an inhomogeneous differential equation: For a differential equation of the

form: y(2) dy(2)
y(x y(x B
s +0b Ir +cy(x) = d, (1)

where a, b, ¢, and d are constants, first solve the homogeneous equation:

yn |, dyn
aﬁ + b% +cyn = 0, (2)

to find two linearly independent solutions, y;(z) and ys(x). The general solution to equation
(2) is then,
yn(z) = Ayi(z) + Bya(),

where A and B are constants of integration.

Then find a particular solution, y,, which is anything that solves equation (1); y, = d/c will
do. The general solution to equation (1) is then:

d
y(z) = yn +yp = Ayi(x) + Bya(z) + -

to which boundary /initial conditions are applied to evaluate A and B.

df (x)

dx =0

32. Extremising a function: To find the extrema of a function f(x), set



The values of z that solve this equation are x.., the locations of the extrema
extrema are then given by f(Zext)-

The nature of each extremum is determined by the second derivative:

< 0, maximum;
& f () .

I = 0, inflection point;
x

> (0, minimum.

10
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