POWER-SERIES EXPANSIONS
PHYS 2302, Saint Mary’s University D. A. Clarke, July 2019

In math and physics, we often need to express an expression or part of an

expression as a power series,

oo

f(x) = ) an(z — o) (1)

= ap + al(x — Io) + aQ(x — ,I())z + ag(x — Io)?’ + CL4($ — $0)4 + -

This handout derives and gives you practise using three of the most common

types of power series expansions, namely Taylor, Maclaurin, and binomial.

To express a function in the form of Eq. (1) (said to be an ezpansion of f(x)
about the point (), we suppose first that each of f(xq), f'(z¢), f"(x0), etc.,

are known. That is, we know all there is to know about f(x) at x.
Then to start, we evaluate Eq. (1) at = 2 and find: f(z¢) = ao.

Next, taking derivatives of Eq. (1), we find:

f(x) = a1 + 2as(x — x0) + 3az(x — 20)* + dag(x — 20)> + - - -
= f(@) = ay;

f”(x) = 2@2 + 6@3($ — Io) + 12@4($ — I0)2 + -

%
= f//(xo) —_ 2a2’ a2 — f (2x0)7
f"(x) = 6ag + 24ay(x — xg) + - -
"
— f///(SUO) = 6asy, az = f é"xo)’

1
etc. Thus, a, = —'f(")(:zso), and Eq. (1) becomes:
n!
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f@) = 30 L o) — )" )
n=0

This is the Taylor expansion (series) about the point x.

The Maclaurin expansion is a Taylor expansion about zy = 0:

Now, consider the Maclaurin expansion of the particular function:

flz) = A+2)* = [f0) =1

Then,
fi(x) = a(l + )" = f0) =q
f'(x) = ala = 1)(1 + )"~ = f(0) = ala—1);

f"(@) = ala—1(a-2)(1+2)"" = f"(0) = ala—1)(a~2),

etc. Thus, Eq. (3) =

(1+2)" = 1-|—aa:+—a(a2_ 1)x2+a(a—13)!(a—2)x3+‘” . (4)

This is the binomial expansion about x = 0, which converges for |z| < 1.
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Ezxample: Express the relativistic energy, £ = mc as a power

series in v2.

E = m002(1 — 1}2/02)_1/2
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Commonly occurring expansions:
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Practise problems:

1. Find a power series expansion (first three terms) for f(x) = e* about:

a) xo=0; b) zy=1.

2. Find a power series expansion for f(x) = sinx about:
T

a) xg=0; b) 0 = 3

3. Find a power series expansion for f(x) = cosz about zy = 0.

4. Find a power series expansion for f(z) = 1+ 2z + 2 about:

a) g =0; b) zp=1.

5. Express f(x) = (z — z9)” as a power series in:
i) X
a) —; b) —.

) 2 ) =

For what values of = does each power series converge?
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Solutions:

1. a) About xy = 0, this is a Maclaurin expansion (Eq. 3):
flz) =¢" = [f(0) =1

fll@) = e = [f(0) =1

f(x) =¢e" = ["(0) =1, etc.,
2 28

= e =1+x+5+§+---.

b) About zy = 1, this is a Taylor expansion (Eq. 2):

F) =) = )= =
= e“’“:e+e(x—1)+e(x;1)2+6(x?;1)3+---
Note that dividing through by e, we’d get:
N ot VS Vi

e 2 3!
which we could have written down directly from Eq. (5).

2. a) About zy = 0, this is a Maclaurin expansion (Eq. 3):
f(x) = sinz = f(0) = 0;

flw) = cosz = f1(0) = 1;
f'(x) = —sinz = f'(0) = 0;
F(x) = —cose = f(0) = —1;
Fi(z) = sinz = f0) = 0;
fO2) = cosz = fO(0) = 1, ete,



w3 b

= smxzx—g%—g—---

Note how many derivatives we had to evaluate to get three non-zero terms.

b) About xy = 7/2, this is a Taylor series:

f(r)2) = =f"(x/2) = f"(m)2) = - = 1
Fn/2) = ~1"(x/2) = fOr/2) = -+ = 0
_ o /9)2 2 /9)4
o Juine < 1 G o
3. About zy = 0, this is a Maclaurin expansion (Eq. 3):
f(z) = cosxz = f(0) =1,
f'(x) = —sinz = f(0) = 0;
f"(z) = —cosx = f"(0) = —1;
f"(z) = sinz = f"(0) =0
fi(z) = cosz = f(i“)(O) = 1, etc.,
2 4
= cosle—%—l—%—---. (7)

Note that had we made the substitution y = = — 7/2 in Eq. (6), we would

get:
y? y4
sin(y + 7/2) = cosy = 1—54_5_... :

giving us an alternate way to Eq. (7).



4. a) f(r)=14+2r+2>=1+2(x—0)+ (z —0)? is already it’s own power

series about xy = 0!

b) About x =1 is a different story. To achieve this, we just “force it”:
flx) =1+20+2> = 1+2@@—-14+1)+ (z —1+1)*

— 142 -D+2+ (@ -1 +2@x -1 +1 =4+4x—1)+(z— 1>

5. a) Here, a power series is best obtained from the binomial expansion, Eq.

(4). To obtain a power series in xy/x, factor out x to get:

flx) = xa(l — @)a = xSi—Z[l+a<—@)—l—%a(a—1)(—@)2+...]

x 0 x x

= (%) [1- a2 ata- (2) 4

= ()= a(2) T alan ().

This power series would be suitable (i.e., would converge) for z > x.

b) To obtain a power series in x/xg, factor out —z( to get:

fla) = (=ao)" (1= ) = (o) [1 va=2) 4 Sata- (- 2) ]

Lo Lo Lo

= (—)" [1 —aZ + %a(a—l) (ﬁf +. ] .

Zo oy,

This power series would be suitable (i.e., would converge) for z < x.



