Solutions to Assignment 1

PHYS 2302 (Mechanics I); D. A. Clarke

Problem 1 (FC 1.12)

a) Show that the volume of the parallelepiped whose sides are made up of vectors ff, B ,
and C' (none of which need be perpendicular to each other) is |A - (B x C)].

b) Explain why this proves the “cyclic rule”, namely:

Solution: a) From problem 1.10, the area of the base of the parallelepiped (itself a parallel-
ogram) is |B x C].

Furtjler, th§ vector B x C is L to the plane defined
by B and C.

Now, using an argument similar to that in problem
1.10, we cut away “prisms” from one side of the par-
allelepiped (e.g., red and blue-dashed portions) and
move them to the opposite side, thereby “squaring
up” the sides. The resulting object has a parallelogram base with area |B x C | and vertical
sides with height A cosf (where 0 is the angle between A and B x C’) The volume of such
an object is then its height times its base:

V = Acosb|B x C| =

x O,

Y

as desired.

b) We could equally have chosen the side defined by vectors A and B to be the “base”,
in which case we would have found the volume of the parallelepiped to be |C - (A x B)|.
Similarly, if we chose A and C to define the “base”, | B-(C x A)| would have been the volume.
Since all expressions for the volume must be the same, we have the “cyclic rule”, namely:

A-(BxC)=C-(AxB) = B-(CxA).

Problem 2 (FC 1.22) An ant crawls on the surface of a ball of radius b such that the
ant’s motion in spherical polar coordinates is given by:

r = b = g+gcos(4wt); ¢ = wt, (1)

where w 1s constant.



a) Find the speed of the ant as a function of time.

b) Describe the path represented by equations (1). In particular, how many periods of
oscillation does the ant undertake per circumnavigation of the sphere?

Solution: a) Using equation (1.12.12) in the text, we have:

0
7 = fé, + rfég + rosin féy = —bwg sin(4wt)ép + bw sin (g + g cos(4wt)> €

= —bwg sin(4wt)ép + bw cos <g cos(4wt)> s

. L ™
= |v=|U =lw - 5in (dwt) + cos? <§ cos(4wt)).

b) Without the cosine term, § = 7/2 and the ant’s path is a continuous circle about the
equator where each circumnavigation takes ¢ = 27 /w in time.

The cosine term adds a sinusoidal variation of § about 7/2 (and thus the equator) with an
amplitude of 7/8 (5b7/8 < § < 37w /8) and a period T' = 27/(4w) = 7/(2w). Since it takes
the ant ¢t = 27 /w to circumnavigate the sphere, there are ¢/T" = 4 full sinusoidal periods per
circumnavigation.

Problem 3 (FC 1.28) A wheel of radius b rolls along the ground at constant forward
acceleration, ag. As a function of time, find |@| of any point on the rim of the wheel:
a) relative to the centre of the wheel; and w

—

b) relative to a point on the ground.

c) At a given time, ¢, which point on the rim of the / a,
wheel has the greatest acceleration relative to the /

ground? Where is this point as t — 00?

Note: to specify a point along the rim of the wheel, it is sufficient to specify the angular
coordinate, , counterclockwise from the +z-axis (the direction of @y in the figure).

Solution: a) Let v be the speed of the wheel axis relative to the ground at any given time,
and assume the wheel rolls without slipping. Then, in the frame of reference of the wheel

axis,
) — _ __E__a_ot j — _ 20
0 w=-3=-7 and 0 = = (1)



where a negative § and 6 mean they are both in the clockwise sense. Using 2-D polar
coordinates, substitute equations (1) and 7 = # = 0 into equation 1.11.9 in eds. 6 and 7 to

get:
2 2
t t
i=—b (—‘%) ér+b<—a—bo) &y = —(aob) &, — aly 2)
. apt)? att
= 1= O = a1

b) Orienting the Cartesian unit vectors 7 and j in the usual way
with € measured counterclockwise with respect to i (as shown in
the figure), the axle of the wheel accelerates at ag? relative to the
ground. Thus, the acceleration of a point on the rim of the wheel
relative to the ground is:

— — A ,UZ A A A
gy = d+agl = ——€, — apéy + aol, (3)

b
using equation (2) and v = agpt. But, from the diagram,

é, = 1cosf + jsind and €g = —isinf + jcosb.

Substitute these into equation (3) to get:
02
dy = —z(icosﬁ + 7sinf) — ag(—isin @ + jcos0) + api

v? v?
= i(—? cosﬁ+aosin9+a0> -7 <F sin<9+a0cosﬁ)

02 2 02 2
= |d| = (—?cosejtaosine—l—ao) + (FSine—i—aoCOS@>

4 2 2
= \/z—zcoszﬁ+agsin29+ag—%—QU—;OCOSH
1 P
+2a3sin9+2—281n29+a800529+%

1 2
= %+2a3—2%cos€+2aozsin9
. , altt apt?
= | |dg] = CLO\/2+281H9+%—207C089. (4)

c) Differentiating equation (4) with respect to 6 and setting the result to zero, we get:

t2 b
20089+2a0—sin9 =0 = tanf = ———
b a0t2

d|ag‘ _ _%

o~ 2~




= Hznﬂ—tan_1<it),nez.

Qo

Case 1: n =1 (or any odd n)

6 =7 —tan"'(b/apt?). Thus, for t =0, § = 7/2 and as ‘t — 00, 0 — 7T.‘

Thus, n = 1 corresponds to m < 6 < /2, the upper left (trailing) quarter of the wheel, and it
is here where |d| is a mazimum. Ast — oo, v — 0o as well, and the centripetal acceleration
is the dominant term. At that point, the maximum |d,| is where the centripetal acceleration
points in the same direction as the translational acceleration of the wheel—namely —which
occurs at 6 = m.

Case 2: n =0 (or any even n)

6 = —tan~'(b/agt?). Thus, for t =0, § = —7/2. Then as t — oo, 6§ — 0.

Thus, n = 0 corresponds to —7/2 < 6 < 0, points diametrically opposite to those in case 1
and thus in the lower right (leading) quarter of the wheel. This is where |d,| is a minimum.

Problem 4 A mass m rests on top of a larger mass, M, which in turn rests on a frictionless
surface. When M is prevented from moving, as shown in Fig. 1, Fj is the maximum horizontal
force that may be applied directly to m before m starts slipping along the top of M.

Fo
— m m
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Fig. 1. Fyapplied tan Fig. 2. Fapplied tav

a) In Fig. 2, the barrier preventing M from moving is removed and a horizontal force F' is
applied directly to M. In terms of m, M, and Fy, find the maximum value of F', F},.x,
that may be applied without causing m to slip, and the corresponding acceleration of
the two masses, a.

b) If m = 4.00 kg, M = 5.00 kg, and Fy = 12.0 N, find numerical values for F},,x and a.



Solution:

NMonm y
. |
f Fo

Monm

N action—-reaction pairs

mg

Fig. 3. FBD for Fig. 1. Fig. 4. FBDs for Fig. 2.

The free-body diagram corresponding to Fig. 1 is shown in Fig. 3, from which we may write:
ZFx:ma’x = FO_fMonm:O = fMonm:F0~ (]-)

The subscript “M on m” indicates that the force is exerted by mass M on mass m which,
in this case, applies to both normal and frictional forces.

Figure 4 shows the FBDs corresponding to Fig. 2 and for which Newton’s 2" Law gives us:

for M: x/ ZFE =Ma, = F— frnon = Ma; (2)
y/ > Fy=Ma, = N—Mg—Nyuou=0; (3)
for m: x/ Z Fo=ma, = fuonm = ma; (4)
y/ ZFy =ma, = Nyonm—mg=0. (5)

Equations (3) and (5) are not relevant to the problem, and are discarded.

The pair of forces fmon v and fM onm 18 an action-reaction pair, and thus their magnitudes
are equal:

fmonM = fMonm = F0> (6)

from equation (1). Note that the fact these forces point in opposite directions is taken into
account by the different directions of their representative arrows in the FBD (Fig. 4), and
we do not introduce a negative sign in equation (6) which describes only the magnitudes.

Substituting equation (6) into equations (4) and (2), we get:

F
Fy = ma = a:—o;
m
F M
Fmax F():MCI,: =0 = Fmax_FO(]-_l'_)
m m




Note that even though static friction was involved in the solution, nowhere did we need to
know anything about pg, nor that f; = usN.

c) If m =4.00 kg, M = 5.00 kg, and Fy = 12.0 N, then | a = 3.00 ms 2 and Fi. = 27.0 N.

Problem 5 The figure shows a frictionless inclined surface joining a horizontal surface with
a kinetic coefficient of friction py between it and the mass mp. Let the cord attaching ma
and mp be massless, and let the pulley be massless and frictionless.

mg

a) Find the tension in the cord and the acceler-

®
ation of the blocks. V

b) If ma = 4.00 kg, mp = 2.00 kg, 0 = 30°, and
. = 0.5, find numerical values for T and a. 9

Solution: a) Using the FBDs for the two masses, we apply Newton’s 2" law, S F = ma, to
get,

ma: x/ T —magsing = —maa; (1) 2
Ng YI
y/  Na—mgagcostl = 0, (2) S ~
mp: x/ fu—=T = —mpa;  (3) “
y/ NB —mpg = 0. (4) 41:1¢)
To find a, add equations (1) and (3):
o
fx —magsin® = —(ms+mpla = a = magsm fk. (5)
mg +mpg
But, fx = uNp and, from (4), Ng = mpgg. Thus, fi = uxmpg, and (5) becomes:
g
0 = gmAsm mB,uk. (6)
ma +mp
To find T, substitute (6) into (1):
T = mu(gsind —a) = mag (sin@ _ masind - mBMk)
ma+mp
m , . .
= 97‘4 (W+ mp sin @ — masing + mBuk)
ma+ mp
mamp .
= | T = g—"——(sinf + ). 7
(i ) g




b) Using m4 = 4.00 kg, mp = 2.00 kg, # = 30°, and py, = 0.5 in equations (6) and (7), we
get:

8
a :% ~ L64ms™ and T =g (kg ~ 131N.




