
Solutions to Extra Problems

PHYS 2302 (Mechanics I); D. A. Clarke

Problem 1.

Solution: Starting with the hint, since ~D = ~A× ( ~B × ~C) ⊥ ~B × ~C, then ~D must lie in the

plane spanned by ~B and ~C, and we may write:

~D = β ~B + γ ~C. (1)

Now, ~D ⊥ ~A as well, and thus,

~A · ~D = β( ~A · ~B) + γ( ~A · ~C) = 0 ⇒ β = − γ

( ~A · ~B)
( ~A · ~C) ≡ α( ~A · ~C), (2)

where α is a scalar. Further,

γ( ~A · ~C) = −β( ~A · ~B) = −α( ~A · ~C)( ~A · ~B) ⇒ γ = −α( ~A · ~B). (3)

Substituting equations (2) and (3) into equation (1) gives us:

~D = α( ~A · ~C) ~B − α( ~A · ~B) ~C = α
[
~B( ~A · ~C)− ~C( ~A · ~B)

]
. (4)

To prove the identity, then, it remains to show that α = 1. To this end, we observe that
equation (4) is true for any set of vectors in any coordinate system with the only proviso

that ~B 6= ~C so that ~B and ~C uniquely define a plane. Thus, without loss of generality1,
suppose ~A = ~C = ı̂ and ~B = ̂. Then equation (4) becomes:

~D = ~A× ( ~B × ~C) = ı̂× (̂× ı̂) = ı̂× (−k̂) = ̂

= α
[
( ~A · ~C) ~B − ( ~A · ~B) ~C

]
= α

[
(�

�✒
1

ı̂ · ı̂)̂− (
�
�✒

0

ı̂ · ̂)̂ı
]
= α̂,

proving that α = 1 and thus the assertion.

Problem 2.

Solution: Start with:

1In practise, what it means to be able to choose any vectors from any coordinate system is that no matter

what vectors we choose to evaluate α, we’ll get the same result. Don’t believe it? Try it!
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v

aθ

~v · ~a = va cos θ ⇒ cos θ =
~v · ~a
va

. (1)

In polar coordinates (using equations 1.11.7 and 1.11.9),

~v = bkektêr + bektcêθ = bekt(kêr + cêθ)

~a = (bk2ekt − bektc2)êr + 2bkektcêθ = bekt
(
(k2 − c2)êr + 2kcêθ

)

⇒ ~v · ~a = b2e2kt
(
k(k2 − c2) + 2kc2

)
= b2e2ktk(k2 + c2). (2)

Further,
v = |~v| = bekt

√
k2 + c2, (3)

and
a = bekt

√

(k2 − c2)2 + 4k2c2 = bekt
√
k4 + c4 + 2k2c2 = bekt(k2 + c2). (4)

Substituting equations (2)–(4) into equation (1), we get:

cos θ =
b2e2ktk(k2 + c2)

b2e2kt(k2 + c2)3/2
=

k√
k2 + c2

= constant.

Problem 3.

Solution: a) Taking the derivative of ~r · (~v × ~a), we get:

d

dt

(
~r · (~v × ~a)

)
=

d~r

dt
· (~v × ~a) + ~r · d

dt
(~v × ~a)

= ✘✘✘✘✘✘✿0
~v · (~v × ~a) + ~r ·

(
d~v

dt
× ~a

︸ ︷︷ ︸

~a×~a=0

+~v × d~a

dt

)

= ~r ·
(

~v × d~a

dt

)

,
︸ ︷︷ ︸

⊥~v

as desired.

b) Consider v2 = ~v · ~v, and take its time derivative:

d

dt
(~v · ~v) =

d

dt
v2 = 2vv̇

= ~v · d~v
dt

+
d~v

dt
· ~v = ~v · ~a+ ~a · ~v = 2~v · ~a,

and thus ~v · ~a = vv̇, as desired. It follows that if |~v| is constant, v̇ = 0 and ~v ⊥ ~a.

Note that a = |~a | 6= v̇ necessarily, since the latter is a measure of the acceleration along the
direction of motion only. Thus, for example, if the particle maintains a constant speed, v,
around a circle of radius r, v̇ = 0 but a = v2/r 6= 0 (centripetal acceleration).
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Problem 4.

Solution: Since the critical information (that m is on the verge of slipping along M) has to
do with the interface between m and M , we must consider the two masses as separate free
bodies and assess the forces on each. Thus, consider the free-body diagrams for m and M :

m : x/ −NM onm + F = ma; (1)

y/ fs,M onm −mg = 0, (2)

M : x/ Nm onM = Ma; (3)

y/ NM − fs,m onM −Mg = 0. (4)

onf

NM

F
m

mg

M

Mg
M

a
monN

m MonN
s,M monf

y

x

s,m M

Note that F acts on m only, and thus does not appear on the FBD for M . The fact that m
is being pushed by F is communicated to M via the normal force m exerts on M , Nm onM .

Note further there are two “action-reaction pairs”: Nm onM = NM onm = N and fs,m onM =
fs,M onm = fs. Of these, students will often miss fs,m onM on the FBD for M . Particularly
when assessing the FBDs of two or more interacting objects, use Newton’s third law to make
sure you haven’t missed any “reaction forces”.

Finally note that since m is on the verge of slipping, fs = µsN . If m were not on the verge
of slipping, the best we could say is fs < µsN .

To find a and F , note that equation (4) brings in a fourth unknown, NM , which we do not
care about. Thus, we need only consider equations (1)–(3). Starting from equation (2),

fs = mg = µsN ⇒ N =
mg

µs
.

Substituting this into each of equations (1) and (3), we get:

F − mg

µs

= ma; (5)

mg

µs
= Ma ⇒ a =

mg

µsM
. (6)

Substitute equation (6) into (5) to get minimum force:

F − mg

µs
= m

mg

µsM
⇒ F =

mg

µs

(

1 +
m

M

)

.
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Problem 5.

Solution: a) Using the “control surface” described in the hint, start at point A, and move
clockwise. At B, a rope under tension is encountered exerting an external force on m. If we
were to cut the rope at the control surface, the end of the rope left inside would fall down
(along with the chair!). Thus, the tension in the rope was acting upward to prevent this
from happening, and TB is added to the FBD pointing up.

control
surface

not under tension

m

mg

v

under tension

A

y

D

B
C

TB TC

Similarly, at C we find another rope under tension ex-
erting an upward force, and TC is added to the FBD
pointing up.

At D, another rope is encountered, but this is not under
tension, and thus no TD is added to the FBD.

Including mg pointing downward completes the FBD.

Now, for an ideal pulley and a massless cord, the ten-
sion along the cord is uniform ⇒ TB = TC = T . Thus,
from the FBD and Newton’s 2nd law:

2T −mg = 0 (since v is constant, a = 0) ⇒ T =
mg

2
.

T is provided by the person in the chair pulling on the rope, and thus the person must pull
with half the weight of m.

TB TC

TD

F

control
surface

m v

under tension

A

y
B

C

D
mg

b) If the rope is pulled by someone from below, then
each rope crossing the control surface is under tension,
including D. Points B and C are as before (cutting the
rope at each point causes the end left inside the control
surface to fall, thus tension was acting up). However,
cutting the rope at D causes the end of the rope left in-
side the control surface to accelerate upward and here,
the tension must have been acting downward. Thus,
add TD downward to the FBD.

Once again, TB = TC = TD = T , mg acts downward and, from the FBD, Newton’s second
law yields:

2T −mg − T = 0 ⇒ T = mg.

This time, T is provided by the force exerted from below, F , and thus the person pulling
from below must exert a force F = T = mg, the full weight of m.

Alternate solution: One could also construct a control surface excluding the rope between
points C and D, since this could be done without cutting off any body parts of m! Done
correctly, this will give the same answer (F = T = mg) even if the FBD is different.
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Problem 6.

Solution: a) Separating the variables, we get:

dy

dx
=

xy

x2 + 1
⇒ dy

y
=

x dx

x2 + 1
=

1

2

d(x2 + 1)

x2 + 1
,

which we can integrate directly:
∫
dy

y
= ln y =

1

2

∫
d(x2 + 1)

x2 + 1
=

1

2
ln(x2 + 1) + c,

where c is the combined constant of integration from both integrals. Solving for y, we get:

y = eln(x
2+1)1/2+c = ec

√
x2 + 1 ⇒ y(x) = C

√
x2 + 1,

where C = ec is a “constant of integration”.

b) Separating the variables, we get:

dy

dx
= −xe−xe−y ⇒ eydy = −xe−xdx,

which can be integrated directly:
∫

eydy = ey = −
∫

xe−xdx = xe−x −
∫

e−xdx = xe−x + e−x + c

solving the second integral by parts, and where c is the combined constant of integration.
Solving for y, we get:

y(x) = ln
(
(x+ 1)e−x + c

)
.

c) Following the hint, rewrite the ODE as,

x
dy

dx
+ y =

d(xy)

dx
=

dz

dx
= 1− x,

where z = xy. In terms of z, this ODE is separable, and we write:

dz = (1− x)dx ⇒ z = xy = x− x2

2
+ c,

where c is the combined constant of integration. Solving for y, we get:

y(x) =
c

x
+ 1− x

2
.

If you keep open to the possibility of a variable substitution such as in part c, you’ll find
many first order ODEs are separable, even if they don’t look like they are at first blush.
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Problem 7.

Solution: First, note that for forces that are functions only of x, and where at x = 0, v = 0,
we have:

F (x) = ma = m
dv

dt
= m

dx

dt

dv

dx
= mv

dv

dx
⇒ 1

m
F (x)dx = v dv

⇒ 1

m

∫ x

0

F (x′)dx′ =

∫ v(x)

v(0)

v′dv′ =
1

2

(
v2(x)−✟✟✟✟✯ 0

v2(0)
)

⇒ v(x) =

√

2

m

∫ x

0

F (x′)dx′. (1)

This is a variation of equation (1.7.9) in the class notes with E − U(x) = K replaced with
K = K0 +

∫ x

0
F (x′)dx′ and K0 = 0 (equation 1.7.5 in the class notes). Putting equation (1)

in this form makes it more practical for solving this problem. To wit,

a) Fx = F0 + cx ⇒ v(x) =

√

2

m

∫ x

0

(F0 + cx′)dx′ =

√

2

m

(
F0x+

1
2
cx2
)

b) Fx = F0e
−cx ⇒ v(x) =

√

2

m

∫ x

0

F0e−cx′dx′ =

√

2F0

cm
(1− e−cx)

c) Fx = F0 cos(cx) ⇒ v(x) =

√

2

m

∫ x

0

F0 cos(cx′)dx′ =

√

2F0

cm
sin cx

Problem 8.

Solution: a) From equation (2), the differential form of the work-kinetic theorem,

∑

dW = dK ⇒
∑ dW

dt
=
∑

P =
dK

dt
= 0, (3)

since the rate of change of kinetic energy for an object moving at constant speed, vt, is zero.

t

f
y

x

mg θ

N

D m φ
v

k
Now, from the FBD, the four forces at play are mg, N , fk, and D,
each in principle generating power. Thus, equation (3) becomes:

∑

P = Pmg + PN + Pfk + PD = 0

⇒ PD = −Pmg − PN − Pfk, (4)
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and it remains to calculate the power generated by each force on the RHS. To that end, and
with x pointing in the direction of vt as shown in the FBD, we use equation (1) to find:

Pmg = (mg)xvt = (mg cosφ)vt = mgvt sin θ (You need to know your trig!);

PN = Nxvt = 0 (since ~N ⊥ ~vt);

Pfk = (fk)xvt = −µkNvt = −µkmg cos θ vt (since ~fk ∝ −ı̂ and N = mg cos θ).

Thus, equation (4) becomes:

PD = −mgvt sin θ + µkmg cos θ vt ⇒ PD = mvtg(µk cos θ − sin θ).

b) For numerical values, we have from above,

Pmg = mvtg sin θ = (500)(9.81)(sin 20◦) ∼ 1.68× 103W ∼ 2.25 hp;

Pfk = −µkmvtg cos θ = −(0.15)(500)(9.81)(cos 20◦) ∼ −691.W ∼ −0.927 hp;

PD = (500)(9.81)
[
(0.15)(cos 20◦)− (sin 20◦)

]
∼ −986.W ∼ −1.32 hp,

all accurate to three significant figures.

The sign on the power (+ for Pmg, − for Pfk and PD) indicates whether the power generated
by the force works to accelerate (+) or decelerate (−) the motion. That is, whether the

component of ~F in the direction of ~v is parallel to (+) or antiparallel to (−) ~v.

Problem 9.

Solution: a) F = mẍ = m
dv

dt
= m

dx

dt

dv

dx
= mv

dv

dx
= m

α

x

d

dx

(α

x

)

= −mα
x

α

x2

⇒ F (x) = −mα
2

x3
.

b) F = −cv3/2 = mv̇ = m
dv

dx

dx

dt
= mv

dv

dx oilm
v

⇒
∫ 0

v0

v dv

v3/2
= − c

m

∫ l

0

dx,

where l is the total distancem slides, and thus to where
v = 0. Solving the integrals, we get:

2v1/2
∣
∣
∣

0

v0
= −2v

1/2
0 = − cl

m
⇒ l =

2m

c

√
v0.
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Problem 10.

Solution: This is an application of problem 2.17 (F&C, ed. 7). We have:

F = kvx = ma = m
dv

dt
= mv

dv

dx
⇒ kx = m

dv

dx
,

which is a separable first order ODE. Thus,

dv =
k

m
xdx ⇒

∫

dv =
k

m

∫

x dx ⇒ v(x) =
k

2m
x2 + c, (1)

where c is a constant of integration evaluated using boundary conditions. In this case, at
x = 0, v = v0, and equation (1) ⇒ v0 = c. Thus,

v(x) =
dx

dt
=

k

2m
x2 + v0.

Once again, we have a separable first order ODE, and we can write:

dx

v0 + kx2/(2m)
= dt ⇒ 2m

k

∫
dx

x2 + a2
=

∫

dt,

where a2 ≡ 2mv0/k. Letting x = a tanφ and thus dx = a sec2φ dφ, we get,

2m

k

∫
✚a✟✟✟sec2φ

a✁2✘✘✘✘✘✘✘
(tan2φ+ 1)

dφ =
2m

ka

∫

dφ =

∫

dt ⇒
√

2m

kv0
φ = t+ d,

where d is another constant of integration, this time evaluated from initial conditions. In
particular, at t = 0, x = 0 and thus d = 0, and we have:

√
2m

kv0
tan−1

(x

a

)

= t ⇒ tan−1

(

x

√

k

2mv0

)

=

√

kv0
2m

t

⇒ x(t) =

√

2mv0
k

tan

(√

kv0
2m

t

)

.

Problem 11.

Solution: a) Equation (1) includes a first and second derivative of y but not y itself. Thus,
the most obvious solution to equation (1) is a constant, y = c, for then y′ = y′′ = 0, and
equation (1) is satisfied trivially. So what constant do we choose? It doesn’t matter; Occam
might suggest y1(x) = 1, so let’s go with that.
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As for the second solution, it may be a bit more obvious if we let z = y′ and rewrite equation
(1) as:

z′ + 2z = 0 ⇒ z′ = −2z,

and ask the question: What function, z(x), has a first derivative equal to minus itself times

2? Answer: z(x) = e−2x, for then,

dz

dx
=

d

dx
e−2x = −2e−2x = −2z.

But if z(x) = e−2x, then,

y(x) =

∫

z(x) dx = −e
−2x

2
,

and −1
2
e−2x also solves equation (1). But if −1

2
e−2x solves equation (1), so will e−2x (leading

constants don’t matter in a homogeneous ODE—try it!), and our two solutions are:

y1(x) = 1 and y2(x) = e−2x. (2)

Evidently, there is no constant, α, such that y1 = αy2, and the two solutions in equation (2)
are linearly independent.

b) The general solution to equation (1) is a linear combination of the two linearly independent
solutions in equations (2). That is,

y(x) = Ay1(x) +By2(x) = A+Be−2x, (3)

where A and B are constants (independent of x).

c) Since one of the boundary conditions is applied to y′, we first differentiate equation (3)
to get:

y′(x) = −2Be−2x. (4)

Then, setting y(0) = 1 and y′(0) = −1, we get:

y(0) = A+B = 1 and y′(0) = −2B = −1 ⇒ A = B =
1

2
,

which, when substituted into equation (3), gives:

y(x) =
1

2

(
1 + e−2x

)
= e−x e

x + e−x

2
︸ ︷︷ ︸

cosh x

⇒ y(x) = e−x cosh x,

as desired.
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Incidentally, equation (1) could also be solved by breaking it up into two first order, separable
ODEs. Letting, as we did above, z = y′, equation (1) becomes the 1st order ODE:

dz

dx
+ 2z = 0 ⇒ dz

z
= −2dx ⇒

∫
dz

z
= −2

∫

dx ⇒ ln z = −2x+ β,

where β is a constant of integration. Thus,

z(x) = e−2x+β = be−2x,

where b = eβ. But y′ = z, and we have the second separable 1st order ODE:

dy

dx
= be−2x ⇒ dy = be−2xdx ⇒

∫

dy = b

∫

e−2xdx ⇒ y(x) = A+Be−2x, (5)

where B = −b/2 and A is a second constant of integration.

Equation (5) is identical to equation (3), and thus if you followed this path, you would have
answered part b before part a. To answer part a, you would have had to glean the two
independent solutions from equation (5), namely y1(x) = 1 and y2(x) = e−2x. Part c then
follows directly from equation (5) as above.

Problem 12.

Solution: a) The centre of a guitar string moves back and forth like a simple harmonic oscil-
lator with amplitude x0 = 2.00×10−3m and angular frequency ω0 = 2πf = 1,024 π rad s−1.

Now, from equation (2.2.5) in the class notes, we have:

x(t) = x0 cosω0t ⇒ ẋ(t) = −x0ω0 sinω0t ⇒ ẍ(t) = −x0ω2
0 cosω0t.

Since sin and cos range between ±1, the maximum velocity is given when sinω0t = ±1 (and
thus ω0t = ±π/2) and the maximum acceleration is given when cosω0t = ±1 (and thus
ω0t = 0 or π). Thus,

vmax = x0ω0 = (2.00× 10−3)(1.024× 103)π ∼ 6.43m s−1,

amax = x0ω
2
0 = (2.00× 10−3)(1.024× 103)2π2 ∼ 2.07× 104ms−2.

b) Starting this time from equation (2.2.3) in the class notes,

x(t) = A cosω0t+B sinω0t ⇒ ẋ(t) = −Aω0 sinω0t +Bω0 cosω0t,

we apply boundary conditions to find A and B. In this case, at t = 0,

x(0) = 0.250 = A
✟✟✟✟✯ 1

cos(0) +B
✟✟✟✟✯

0

sin(0) = A;
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ẋ(0) = 0.100 = −Aω0✟✟✟✟✯
0

sin(0) +Bω0✟✟✟✟✯ 1

cos(0) = Bω0 ⇒ B =
0.100

2πf
=

5.00× 10−3

π
m.

Thus,

x(t) = 0.250 cos(20πt) +
5.00× 10−3

π
sin(20πt),

or,
x(t) = 0.250 cos(62.8t) + 1.59× 10−3 sin(62.8t).

Problem 13.

Solution: a) Let z = 0 be the equilibrium position when the levels in both sides of the
U-tube are equal, and consider the system when the water level in the right hand side is a
distance 0 < z ≤ z0 above equilibrium (inset).

0

l

zz

Defining U(0) = 0, the potential energy of the system is as though
water from the hatched region on the left were raised a distance
z. Thus, if A is the uniform cross sectional area of the U-tube,

U(z) = mgh = (ρAz)gz = ρAgz2,

where ρ is the density of water, and Az is the volume of water
raised a distance z. The fact that U(z) is quadratic in displace-
ment, z, is enough to identify this system as a simple harmonic oscillator.

To find the period of oscillation, we must find the kinetic energy. Here, K is the energy of
motion of the entire length of the water column. Further, because the cross sectional area
of the U-tube is constant, every point in the water column moves with the same velocity,
v = ż, the speed of the rising and falling water levels on the left and right side. Thus,

K(ż) = 1
2
mv2 = 1

2
(ρAl)ż2,

where this time, m is the mass of the entire column of water of length l.

Conserving energy, we have:

E = U(z) +K(ż) = ρAgz2 +
ρAl

2
ż2,

which has the form of equation (2.3.1) in the lecture notes. Thus, ω2
0 is the ratio of the

coefficients of the z2 and ż2 terms, and we get:

ω2
0 = ✚✚ρAg

1
2✚

✚ρAl
=

2g

l
⇒ T =

2π

ω0
= 2π

√

l

2g
= π

√

2l

g
,
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as desired.

b) Since ω2
0 =

2g

l
=

k

m
for an effective spring constant, k, then,

k =
2gm

l
=

2gρAl

l
⇒ k = 2gρA.

Problem 14.

Solution: a) From the discussion on vertical oscillators in §2.2 of the class notes, if we
measure displacements from the equilibrium point of m hanging on the wire (length l+ δl ≈
l), then we need only consider the unbalanced force caused by the additional distortion
−z0 ≤ z ≤ z0, as shown in the inset. Thus, from the FBD,

l + l

m
z z

SA

m
FBD

l

a

δ

F = mz̈ = SA = −Y ΣA = −Y z

l + δl
A ≈ −Y A

l
z,

using equation (2) to set F = SA, equation (3) to set S = −Y Σ,
and equation (1) for Σ. Thus,

z̈ = −Y A
ml

z,

the equation of motion for a simple harmonic oscillator. The fre-
quency and period of oscillation are therefore given by:

ω2
0 =

Y A

ml
⇒ T =

2π

ω0

= 2π

√

ml

Y A
,

which is equation (4).

b) A 12-gauge wire has a diameter d = 2.05mm, and thus a cross sectional area,

A = π
d2

4
= π

(2.05)2

4
∼ 3.301mm2 = 3.301× 10−6m2,

retaining four significant figures for an intermediate result. Thus,

T = 2π

√

(1.00)(1.00)

(1.17× 1011)(3.301× 10−6)
∼ 0.0101 s,

or about 99 Hz (oscillations per second). It is for this reason that demonstrating such
oscillations is difficult in a classroom setting.

c) When m is hanging from the spring in equilibrium, its weight is balanced by the restoring
force of the stretched wire. Thus,

mg + SA = 0 ⇒ mg = −SA = Y ΣA = Y
δl

l
A ⇒ ml

Y A
=

δl

g
.
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Substituting this into equation (4), we get:

T = 2π

√

δl

g
,

which is the period of a simple pendulum of length δl (equation 2.2.7 in the class notes).

Problem 15.

Solution: a) Let the equilibrium position of m be z = 0. Then, as shown in §2.2, the forces
to establish equilibrium (mg, k1ze, k2ze) balance and can be omitted from the free body
diagram.

If m is pulled down a distance z0 and released, FBD1 below shows the relevant forces when
m is at −z0 ≤ z ≤ z0. Thus, from Newton’s 2nd law, we have:

k

FBD 1

k2k1

k1
2

a

m z0

z
z

0

z
m

−k1z − k2z = mz̈ ⇒ z̈ = −k1 + k2
m

z,

a second order ODE describing a simple harmonic oscillator with
frequency:

ω0 =

√

k1 + k2
m

.

If we were to replace the two springs with a single spring of spring
constant kpar without changing the angular frequency, then:

ω0 =

√

k1 + k2
m

=

√

kpar
m

⇒ kpar = k1 + k2.

Thus, springs in parallel combine by direct addition (like electrical resistors in series).

k2 2FBD 2

FBD 3

k2

k1

k2 2 k1 1

z

z

z

Ama
z

A

z

m

b) Next, if the two springs are attached tom in series, the displace-
ment of m, namely z, is distributed over the two springs. Let k1
and k2 be stretched (compressed) by z1 and z2 respectively. Then,

z1 + z2 = z ⇒ z1 = z − z2. (1)

Further, only one spring (k2) is in direct contact with m. Thus,
the FBD for m (FBD2) includes k2z2 only (equilibrium forces
ignored), and we have:

−k2z2 = mz̈. (2)

To incorporate the effect of spring k1, we consider point A where
the two springs join. Here, if both springs are stretched, k1 pulls

13



upward on A while k2 pulls downward, as shown on FBD3, and
Newton’s 2nd law gives:

k2z2 − k1z1 = 0 (since A has no mass) (3)

Now for the algebra. Substitute equation (1) into equation (3) to get:

k2z2 − k1z + k1z2 = 0 ⇒ z2 =
k1

k1 + k2
z. (4)

Then, substituting equation (4) into equation (2) gives us:

− k1k2
k1 + k2

z = mz̈ ⇒ z̈ = − 1

m

k1k2
k1 + k2

z,

the equation for a simple harmonic oscillator, with frequency,

ω0 =

√

1

m

k1k2
k1 + k2

.

If we were to replace the two springs with a single spring of spring constant kser without
changing the angular frequency, then:

ω0 =

√

1

m

k1k2
k1 + k2

=

√

kser
m

⇒ kser =
k1k2
k1 + k2

⇒ 1

kser
=

1

k1
+

1

k2
.

Thus, springs in series add in reciprocal (like electrical resistors in parallel).

Problem 16.

Solution: For an underdamped oscillator with initial amplitude z0, the amplitude as a
function of time is given by (equation 2.4.11 from the class notes),

A(t) = z0e
−γt.

Thus, time for amplitude to fall by 1/2, t1/2, is given by:

A(t1/2) =
z0
2

= z0e
−γt1/2 ⇒ γt1/2 = ln 2 ⇒ t1/2 =

ln 2

γ
.

Now, the number of complete periods for the amplitude to fall to z0/2 is 10, and thus,

t1/2
T0

= 10 =
ln 2

γ

1

π

√
g

2l
⇒ γ =

ln 2

10π

√
g

2l
,

using equation (1) for T0.
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Problem 17.

Solution: As was done in class, we differentiate equation (1) to get:

ẋ(t) = −γe−γt
(
Aeqt +Be−qt

)
+ e−γtq

(
Aeqt − Be−qt

)
, (2)

and apply the new initial conditions to equations (1) and (2) to find A and B. To that end,

x(0) = A+B = 0 and ẋ(0) = −γ✘✘✘✘✘✿ 0
(A +B) + q(A− B) = v0

⇒ A = −B =
v0
2q

Thus, equation (1) becomes:

x(t) = e−γt v0
2q

(eqt − e−qt) =
v0
q
e−γt sinh qt (q 6= 0), (3)

using the definition of the hyperbolic sine given by equation (2.4.8) in the class notes.

As done in class, we consider four cases.

Case 1 : For q > 0 ∈ R, γ > ω0 and the system is over-damped. This is described by equation
(3) as written.

Case 2 : For q = 0, γ = ω0 and the system is critically damped. For this, we must examine
equation (3) in the limit as q → 0. Thus,

lim
q→0

x(t) = v0e
−ω0t lim

q→0

sinh qt

q
= v0e

−ω0t lim
q→0

t cosh qt

1
︸ ︷︷ ︸

l’Hôpital

= v0te
−ω0t, (4)

since cosh 0 = 1.

Case 3 : For γ < ω0, q ∈ I and the system is underdamped. For this, we let,

ωd =
√

ω2
0 − γ2 = q/i,

where ωd ∈ R is the natural oscillation frequency of the underdamped oscillator. Thus,
q = iωd and equation (3) becomes:

x(t) =
v0
iωd

e−γt sinh iωdt =
v0
ωd

e−γt sinωdt, (5)

using one of equations (2.4.9) in the class notes.

Case 4 : For γ = 0, ωd = ω0 and the system is undamped, in which case,

lim
γ→0

x(t) =
v0
ω0

sinω0t. (6).
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Bringing all four cases together, we have:

x(t) = v0







e−γt sinh qt

q
, γ > ω0 (overdamped);

te−ω0t, γ = ω0 (critically damped);

e−γt sinωdt

ωd
, γ < ω0 (underdamped);

sinω0t

ω0

, γ = 0 (undamped),

as desired.

Problem 18.

Solution: a) From problem 3.9, we have that the ratio of successive minima of a damped
oscillator is e−γTd , where Td = 2π/ωd is the period of oscillation. Thus,

e−γTd =
1

2
⇒ γTd =

γ

fd
= ln 2 ⇒ γ = fd ln 2, (1)

where fd is the frequency of the damped oscillator in Hz. Now, from the class notes, we
have:

ωd =
√

ω2
0 − γ2 ⇒ ω0 =

√

ω2
d + γ2 =

√

ω2
d + (fd ln 2)2 = ωd

√

1 +

(
ln 2

2π

)2

,

since fd = ωd/2π. Thus,

f0 =
ω0

2π
=

ωd

2π

√

1 +

(
ln 2

2π

)2

∼ fd(1.00607) ∼ 100.6Hz,

for fd = 100Hz. Note that a damping coefficient sufficient to decrease the amplitude of
oscillation by a factor of two after each cycle only changes the oscillation frequency by 0.6%.
Thus, for the most part, ωd ≈ ω0 is a pretty good approximation.

b) From equation (2.4.16) in the class notes,

Qd =
ωd

2γ
=

2πfd
2fd ln 2

=
π

ln 2
∼ 4.53,

using equation (1) for γ.
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Problem 19.

Solution: a) Let tcd be the time it takes for the critically damped oscillator to get to within
1% of its equilibrium position. That is, from equation (2.4.4) in the class notes,

x(tcd) = 0.01x0 = x0e
−γtcd(1 + γtcd)

⇒ e−γtcd(1 + γtcd) = 0.01,

a transcendental equation we must solve with a root finder. My Hewlett-Packard 15C pro-
grammable calculator (bought in 1982!) is perfectly suited for this task, and I find,

γtcd ∼ 6.638 (unitless).

But, for critical damping, γ = ω0 = 2πf0 = 10π, and thus,

10πtcd ∼ 6.638 ⇒ tcd ∼ 0.211 s.

b) Let tod be the time it takes for the over-damped oscillator to get to within 1% of its
equilibrium position. That is, from equation (2.4.10) in the class notes,

x(tod) = 0.01x0 = x0e
−γtod

(

cosh qtod +
γ

q
sinh qtod

)

, (1)

where q =
√

γ2 − ω2
0 =

√
3ω0, for γ = 2ω0. Thus, equation (1) becomes:

e−2ω0tod

(

cosh
√
3ω0tod +

2√
3
sinh

√
3ω0tod

)

= 0.01,

another transcendental equation for which my HP15C is equally well-suited! For this, I find,

ω0tod ∼ 17.465 ⇒ tod ∼ 17.465

10π
∼ 0.556 s.

c) For an underdamped galvanometer, we have from equation (2.4.10) in the class notes,

x(t) = x0e
−γt

︸ ︷︷ ︸

A(t)

(

cosωdt +
γ

ωd
sinωdt

)

,

where the amplitude, A(t), is given by the underbrace, with the remaining time-dependence
oscillatory. Thus, if tud is the time for the amplitude to die down to 1% of its original value,

A(tud) = 0.01x0 = x0e
−γtud ⇒ e−γtud = 0.01,

where we can now solve for tud directly. Thus, with γ = ω0/5,

−ω0

5
tud = ln(0.01) ⇒ tud =

5

ω0
ln(100) ∼ 0.733 s.
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Now,

ωd =
√

ω2
0 − γ2 = ω0

√
24

5

⇒ ωdtud = ω0

√
24

5

5 ln(100)

ω0
=

√
24 ln(100) ∼ 22.56 ∼ 7.18π,

or about 3.59 complete oscillations.

Note that in both parts b and c, the time for the needle to get to within 1% of its “reading”
(equilibrium) is longer than in part a, where the galvanometer is critically damped.

Oh yeah, and the speedometer? It’s from my very first car:
a 1978 Firebird!

Congrats to Jared Park (and his dad) who identified it!

Problem 20.

Solution: For each part, a and b, we first solve the homogeneous version of equation (1),

y′′h(x) + 5y′h(x) + 4yh(x) = 0, (2)

by “trial exponentials”. Thus, substitute the trial solution erx into equation (2) to get:

r2✟✟erx + 5r✟✟erx + 4✟✟erx = 0 ⇒ r2 + 5r + 4 = (r + 1)(r + 4) = 0,

factoring the quadratic (or we could have used the quadratic formula). Thus, r = −1 or −4
and our two linearly independent solutions to equation (2) are:

y1(x) = e−x and y2(x) = e−4x,

from which we construct the general solution to (the homogeneous) equation (2):

yh(x) = Ae−x +Be−4x, (3)

where A and B are constants to be determined from boundary conditions.

a) For f(x) = 2, equation (1) becomes:

y′′(x) + 5y′(x) + 4y(x) = 2, (4)

for which we search for any solution by inspection. Since all coefficients are constant, try
yp =constant ⇒ y′′p = y′p = 0, and equation (4) becomes:

4yp = 2 ⇒ yp =
1

2
.
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The general solution to equation (1) is thus,

y(x) = yh(x) + yp = Ae−x +Be−4x +
1

2
⇒ y′(x) = −Ae−x − 4Be−4x.

Applying the given boundary conditions, we get:

y(0) = A+B +
1

2
= 1 and y′(0) = −A− 4B = 0.

Solving for A and B, we get:

A =
2

3
, B = −1

6
⇒ y(x) =

2

3
e−x − 1

6
e−4x +

1

2
, (5)

is the specific solution to equation (1) for the given boundary conditions and f(x) = 2.

b) For f(x) = 5ex, equation (1) becomes:

y′′(x) + 5y′(x) + 4y(x) = 5ex, (6)

for which we search for any solution by trial exponentials. Noting that if yp ∝ ex, all x-
dependence cancels out, we are motivated to try yp(x) = Cex, in which case equation (6)
becomes:

C✚✚ex + 5C✚✚ex + 4C✚✚ex = 5✚✚ex ⇒ 10C = 5 ⇒ C =
1

2
.

The general solution to equation (1) is thus,

y(x) = yh(x) + yp(x) = Ae−x +Be−4x +
1

2
ex ⇒ y′(x) = −Ae−x − 4Be−4x +

1

2
ex.

Applying the given boundary conditions, we get:

y(0) = A+B +
1

2
= 1 and y′(0) = −A− 4B +

1

2
= 0.

Solving for A and B, we get:

A =
1

2
, B = 0 ⇒ y(x) =

1

2
e−x +

1

2
ex = cosh x, (7)

is the specific solution to equation (1) for the given boundary conditions and f(x) = 5ex.

As an exercise, you should check to make sure that equations (5) and (7) do indeed solve
equation (1) for the respective f(x), and that in each case, y(0) = 1 and y′(0) = 0.
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Problem 21.

Solution: a) From equation (2.6.12) in the class notes,

ωr =
√

ω2
0 − 2γ2,

where ω2
0 =

k

m
and γ =

b

2m
. Thus, from the numbers given,

ω0 =

√

250.

10.0
= 5.00 and γ =

60.0

2(10.0)
= 3.00

⇒ ωr =
√

25.0− 2(9.00) =
√
7 ∼ 2.65 rad s−1.

b) Start by noting that,

ωd =
√

ω2
0 − γ2 =

√
25.0− 9.00 = 4.00.

Thus, from equations (2.6.13) and (2.6.15) in the class notes, we have,

Amax =
F0

b ωd
=

(48.0)

(60.0)(4.00)
= 0.200m,

tanφr =
ωr

γ
=

√
7

3
⇒ φr ∼ 0.723 rad.

Problem 22.

Solution: Here, we follow exactly what we did in class, with F ∝ sinωt instead of cosωt.
Thus, we guess for the particular solution xp ∝ sinωt and then, allowing for the force and
displacement to be “out of phase” by a phase angle φ, choose,

xp(t) = A sin(ωt− φ). (1)

If this solves equation (2.6.1) from the class notes with the new driving force, namely,

ẍ+ 2γẋ+ ω2
0x =

F0

m
sinωt,

then,

−Aω2 sin(ωt− φ) + 2γAω cos(ωt− φ) + ω2
0A sin(ωt− φ) =

F0

m
sinωt, (2)

from which we solve for A and φ as functions of ω.

To this end, expanding out the trig functions in equation (2), we get:

(ω2
0 − ω2)A(sinωt cosφ− cosωt sinφ) + 2γωA(cosωt cosφ+ sinωt sinφ) =

F0

m
sinωt
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⇒
[

(ω2
0 − ω2)A cosφ+ 2γωA sinφ− F0

m

]

sinωt =

[
(ω2

0 − ω2)A sinφ− 2γωA cosφ
]
cosωt.

(3)

Since sinωt and cosωt are independent functions, the quantities in [ ] must be zero. Thus,
on the RHS of equation (3):

(ω2
0 − ω2)��A sinφ− 2γω��A cosφ = 0

⇒ tanφ =
2γω

ω2
0 − ω2

, (4)

which is equation (2.6.4) in the class notes. From this we can immediately write:

sinφ =
2γω

√
(
ω2
0 − ω2

)2
+ 4γ2ω2

and cosφ =
ω2
0 − ω2

√
(
ω2
0 − ω2

)2
+ 4γ2ω2

, (5)

which are equations (2.6.5) in the class notes.

On the LHS of equation (3), we have:

(ω2
0 − ω2)A cosφ+ 2γωA sinφ− F0

m
= 0

⇒ A =
F0/m

(ω2
0 − ω2) cosφ+ 2γω sinφ

=

[(
ω2
0 − ω2

)2
+ 4γ2ω2

]1/2
F0/m

(
ω2
0 − ω2

)2
+ 4γ2ω2

,

using equations (5). Thus,

A(ω) =
F0/m

√
(
ω2
0 − ω2

)2
+ 4γ2ω2

, (6)

which is equation (2.6.7) in the class notes.

Thus, xp(t) in equation (1) is the steady-state solution for the damped harmonic oscillator
driven by a force F = F0 sinωt, with the phase between the force and displacement, φ, given
by equation (4) and the amplitude of oscillation given by equation (6).

The point here is that sine and cosine are really the same function, just out of phase by π/2
radians. Thus, it makes no difference whether the driving force is proportional to sinωt or
cosωt; the amplitude and phase of the steady-state oscillation must be the same.
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Problem 23.

Solution: a) As usual for a spring, the restoring force is −kz (negative proportional to the
distortion of the spring) and the damping force is −bż (negative proportional to the rate at
which the spring is distorting). Thus, from Newton’s second law, we have,

∑

F = −kz − bż = ma, (1)

where a is the acceleration as measured from an inertial frame of reference. Using O as the
inertial frame, if y is the total distance between O and the bottom of the spring, then

y = ζ + h+ z ⇒ a = ÿ =
d2

dt2
(ζ + h+ z) = ζ̈ + z̈,

since h = constant. Thus, with b = 2mγ and k = mω2
0, equation (1) becomes:

−✟✟mω2
0z − 2γ✟✟mż = ✟✟m(ζ̈ + z̈) ⇒ z̈ + 2γż + ω2

0z = −ζ̈ , (2)

as desired.

b) For ζ(t) = ζ0 cosωt, ζ̈ = −ω2ζ0 cosωt, and equation (2) becomes:

z̈ + 2γż + ω2
0z = ω2ζ0 cosωt,

which has exactly the same form as equation (2.6.1) from the class notes for a driven, damped
oscillator with F0/m replaced with ω2ζ0. Therefore, from equations (2.6.4) and (2.6.7) in
the class notes, we can immediately write down,

tanφ =
2ωγ

ω2
0 − ω2

and A =
ω2ζ0

√
(
ω2
0 − ω2

)2
+ 4ω2γ2

. (3)

c) Using the expression given,

Qd =
ωd

2γ
=

√

ω2
0 − γ2

2γ
⇒ 4γ2Q2

d = ω2
0 − γ2 ⇒ γ =

ω0
√

4Q2
d + 1

.

Thus, for Qd = 2, we have:

γ ≈ ω0√
17

∼ 0.243ω0. (4)

d) i) For ω = 1
2
ω0 and using equation (4) for γ,

A

ζ0
=

1
4��ω

2
0

√
(
3
4��ω

2
0

)2
+��ω

2
0

(

��ω
2
0/17

)
=

1/4
√

9/16 + 1/17)
∼ 0.317.
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tanφ =
✟✟ω0(✟✟ω0/

√
17)

3
4��ω

2
0

=
4

3
√
17

⇒ φ = tan−1

(
4

3
√
17

)

∼ 0.313 rad,

and the displacement of m is within ∼ 18◦ of being in phase with the ground.

ii) For ω = 2ω0 and using equation (4) for γ,

A

ζ0
=

4��ω
2
0

√
(
−3��ω

2
0

)2
+ 16��ω

2
0

(

��ω
2
0/17

)
=

4
√

9 + 16/17
∼ 1.27.

tanφ =
4✟✟ω0(✟✟ω0/

√
17)

−3��ω
2
0

= − 4

3
√
17

⇒ φ = tan−1

(

− 4

3
√
17

)

∼ 2.83 rad,

and the displacement of m is within ∼ 18◦ of being out of phase with the ground.

e) Following the hint, we let ω2 = Ω in the second of equations (3), and examine,

dA2

dΩ
=

d

dΩ

(

Ω2ζ20
(
ω2
0 − Ω

)2
+ 4Ωγ2

)

=
2Ωζ20

[(
ω2
0 − Ω

)2
+ 4Ωγ2

]
−
[
2
(
ω2
0 − Ω

)
(−1) + 4γ2

]
(Ω2ζ20 )

[
· · ·

]2 = 0,

where we don’t really care about the denominator since we’ll be cross multiplying it with
the zero. Thus,

✟✟✟2Ωζ20 (ω
4
0 − 2ω2

0Ω+ Ω2 + 4Ωγ2) +✟✟✟2Ωζ20 (ω
2
0Ω− Ω2 − 2γ2Ω) = 0

⇒ ω4
0 − ω2

0Ω + 2Ωγ2 = 0 ⇒ Ω = ω2
r =

ω4
0

ω2
0 − 2γ2

⇒ ωr =
ω2
0

√

ω2
0 − 2γ2

, (5)

as desired.

Substituting equation (5) into equation (3), we find,

Amax =
ω4
0

ω2
0 − 2γ2

ζ0
√
(

ω2
0 −

ω4
0

ω2
0
−2γ2

)2

+ 4
ω4
0

ω2
0
−2γ2γ2

=
ω✁✁✕

2

4
0

✘✘✘✘✘ω2
0 − 2γ2

ζ0

��ω
2
0

✘✘✘✘ω2
0
−2γ2

√
(

��ω
2
0 − 2γ2 −��ω

2
0

)2
+ 4γ2

(
ω2
0 − 2γ2

)
=

ω2
0ζ0

√

4γ2 + 4γ2ω2
0 − 8γ2

⇒ Amax =
ω2
0ζ0

2γ
√

ω2
0 − γ2

, (6)
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as desired.

f) Substituting γ = ω0/
√
17 (equation 4) into each of equations (5) and (6), we get:

ωr

ω0
=

✟✟ω0
√

��ω
2
0 − 2��

ω2
0

17

=

√

17

15
∼ 1.065

Amax

ζ0
= ��ω

2
0

2
✟✟ω0√
17

√

��ω
2
0 − ��ω

2
0

17

=

√
17

2
√

1− 1
17

=
17

8
= 2.125.

Thus, the resonant frequency is ∼6.5% higher than the natural oscillation frequency of the
undamped spring, and the resonant amplitude is 21

8
times the oscillation amplitude of the

ground.

Finally, substituting equations (4) and (5) into the first of equations (3), we get:

tanφr =
2ωrγ

ω2
0 − ω2

r

= 2
ω2
0

√

ω2
0 − 2

ω2
0

17

ω0√
17

1

ω2
0 −

ω4
0

ω2
0 − 2ω2

0/17

.

All factors of ω0 cancel out, and we’re left with:

tanφr = ✁2

√

✚✚17

15

1√
✚✚17

(

−15

✁2

)

= −
√
15 ⇒ φr = tan−1

(
−
√
15
)
∼ 1.823 rad.

Thus, at resonant frequency, the displacement of m is ∼104◦ out of phase with the ground.
Note that as γ → 0, this phase difference → 90◦.

Problem 24.

Solution: a) The potential energy of the water with the water level inclined is the same as
though the mass in the triangle acd in the inset were raised to triangle abc. To do this,
each horizontal strip of water of mass dm, length x, and thickness dz is raised a distance 2z,
where 0 ≤ z ≤ y. Thus,

/2

dz

zy

x

z

L

b

a c

d

dU = 2gz dm ⇒ U = 2ρwg

∫ y

0

xz dz,

since dm = ρxw dz. Then, from similar triangles,

x

y − z
=
L/2

y
⇒ x =

L(y − z)

2y
,

and we have:

U =
ρLwg

y

∫ y

0

z(y − z)dz =
ρLwg

y

(
yz2

2
− z3

3

)∣
∣
∣
∣

y

0

⇒ U(y) =
ρLwg

6
y2,
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as desired. The fact that U ∝ y2 already tells us the system is a simple harmonic oscillator.

b) Given the result from part d, the total mechanical energy is:

E = U +K =
ρLwg

6
y2 +

ρwL3

60h
ẏ2,

which has the classical form for the mechanical energy of a simple harmonic oscillator. Since
ω2
0 is given by the ratio of the coefficients, we have:

ω2
0 =

ρLwg

6

60h

ρwL3
=

10gh

L2

⇒ ω0 =

√
10gh

L
and T0 =

2π

ω0

=
2πL√
10gh

.

For L = 1.5m and h = 0.3m, T0 ∼ 1.7 s, which seems about right given my distant memories
of flooding the bathroom floor much to my mother’s great consternation!

c) As for the mother of all bath tubs, the natural oscillation period of the Bay of Fundy,
with L = 5.0 × 105m and an effective depth of h = 50m, is T0 ∼ 4.49 × 104 s ∼ 12.47 hr,
which is very close to half the time it takes for the moon to return to the same position in
the sky (24.9 hr).

Thus, the high tides in the Bay of Fundy can be explained as a resonance phenomenon.

dz
dt

v x( +dx)v )x(

z

a

b

d

c

dx

x

h

d) (Bonus 5 points) For the kinetic energy, consider the inset, which
depicts a narrow column of fluid of width dx and depth h below the
level line (x-axis) and a trapezoid of average height z above the level
line representing the rest of the water column up to the surface. As
shown, the horizontal water speed at the left is given by v(x), at the
right v(x + dx), and at the level surface, dz/dt, the rate at which the
surface is either rising (dz/dt > 0) or falling (dz/dt < 0) at that place
and moment.

In the fixed rectangle abcd of height h and width dx, as much water enters abcd in a given
time, dt, as leaves (large arrows), and we write:

✟✟ρwhv(x)��dt−✟✟ρwhv(x+ dx)��dt−✟✟ρw dx
dz

dt
��dt = 0

⇒ −v(x+ dx)− v(x)

dx
=

1

h

dz

dt
⇒ dv

dx
= −1

h
ż. (1)

Again from similar triangles,

y − z

x
=

2y

L
⇒ z = y

(

1− 2x

L

)

⇒ ż = ẏ

(

1− 2x

L

)

,
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since here, x is a fixed location and treated as a constant in the differentiation. Substituting
this into equation (1), we get:

dv

dx
= − ẏ

h

(

1− 2x

L

)

⇒ v(x) =

∫
dv

dx
dx = − ẏ

h

∫ (

1− 2x

L

)

dx = − ẏ
h

(

x− x2

L
+ c

)

,

where c is a constant of integration. This is evaluated by imposing the boundary condition
that at x = 0 (left end of the tub), the horizontal water speed is zero:

v(0) = − ẏ
h
c = 0 ⇒ c = 0.

Thus,

v(x) =
ẏ

h

(
x2

L
− x

)

. (2)

Note that this also satisfies the right boundary condition, namely v(L) = 0.

We are finally in a position to evaluate the kinetic energy:

dK =
1

2
v(x)2dm =

ρwh dx

2
v(x)2, (3)

where we have ignored the portion of the trapezoid above the level line, as this is compensated
by an equal amount of missing mass at the corresponding point in the right half of the tub.
Thus, substituting equation (2) into (3), we find:

K =

∫ L

0

dK =
ρwh

2

(
ẏ

h

)2 ∫ L

0

(
x2

L
− x

)2

dx

=
ρw

2h
ẏ2
(
x5

5L2
− x4

2L
+
x3

3

)∣
∣
∣
∣

L

0

=
ρw

2h
ẏ2
L3

30

⇒ K(ẏ) =
ρwL3

60h
ẏ2,

as desired.

Problem 25.

Solution: In Cartesian coordinates,

∇× ~F = (∂yFz − ∂zFy, ∂zFx − ∂xFz, ∂xFy − ∂yFx) = 0 for ~F conservative.
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a) Thus, for ~F = (xy, cx2, z3),

∇× ~F = (0, 0, 2cx− x) = 0 for c = 1
2
.

b) For ~F =

(
z

y
,
cxz

y2
,
x

y

)

,

∇× ~F =

(

− x

y2
− cx

y2
,
1

y
− 1

y
,
cz

y2
+

z

y2

)

=
1 + c

y2
(−x, 0, z) = 0 for c = −1.

Problem 26.

Solution: For ~F = Fxı̂+ Fy ̂ and d~r = dx ı̂+ dy ̂,

∫

C

~F · d~r =

∫

C

(
Fxdx+ Fydy

)
. (1)

2

(0,0) x

y

C1

C

(1,1)

(1,0)

a) Consider first ~F = xı̂ + y̂. For path C1, y = x, dy = dx, and
equation (1) becomes:

∫

C1

~F · d~r = 2

∫ 1

0

x dx = x2
∣
∣
∣

1

0
= 1.

For path C2, we break it into two segments, the first between
(0, 0) and (1, 0) where dy = 0, and the second between (1, 0) and
(1, 1) where dx = 0. Thus, equation (1) becomes:

∫

C2

~F · d~r =

∫

C2

(
x dx+ ydy

)
=

∫ 1

0

x dx
∣
∣
∣
y=0

+

∫ 1

0

y dy
∣
∣
∣
x=1

= 1 =

∫

C1

~F · d~r,

confirming that ~F is conservative.

b) Next, consider ~F = yı̂− x̂. For path C1, y = x, dy = dx, and equation (1) becomes:

∫

C1

~F · d~r =

∫ 1

0

(
y dx− x dy

)
=

∫ 1

0

(x− x)dy = 0.

Conversely, along the two segments of path C2, equation (1) becomes:
∫

C2

~F · d~r =

∫

C2

(
y dx− x dy

)
=

∫ 1

0

y dx
∣
∣
∣
y=0

−
∫ 1

0

x dy
∣
∣
∣
x=1

= −1 6=
∫

C1

~F · d~r,

and ~F as given in this part is not conservative.

27



Problem 27.

Solution: This problem is very similar to example 4.6.1 (eds. 6 and 7), with m starting at
a different point.

Conserving E, we get,

E = mg
b

2
= mgz + 1

2
mv2

⇒ v2 = g(b− 2z).

Then, from the FBD, we have in the y′ direction:

θb 2 b

m

x

z

−mg cos θ +N = −may = −mv
2

b
= −mg(b− 2z)

b

= −mg(b− 2b cos θ)

b
= −mg + 2mg cos θ

⇒ 3mg cos θ = mg +N.

b

cosθ

x

y

mg

N
m

θ θz

z = b

The mass, m, leaves the surface when N = 0,

⇒ cos θ =
1

3
=

z

b
⇒ z =

b

3
.

Problem 28.

Solution: As indicated in the diagram, gravity, mg, and a normal force, N , act on m along
the entire track, whereas the kinetic friction force,

y
x

00

kf

cos )θθ

B C

R
O

A

D

d

mg

N N

mg

R(1−fk = µkN = µkmg = constant, (1)

acts on m only along BC in the −x direction.

Since gravity is conservative, Wmg is path independent
and we need not evaluate it along the path m actually
takes (ABC). Instead, consider the red path ADC with a
vertical drop AD of height h = R(1 − cos θ0) followed by
a horizontal translation DC. Along this path, mg does work only along AD, which is much
easier to compute than over ABC:

Wmg =

∫ 0

h

m~g · d~y = −
∫ 0

h

mg dy = −mg(0− h) = mgR(1− cos θ0). (2)

Since Wmg > 0, gravity acts to accelerate m.
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As always, the normal force, ~N , does no work leaving fk which is non-zero only along BC.
Thus, work done by friction is:

Wfk =

∫ xC

xB

~fk · d~x = −
∫ xC

xB

fkdx = −µkmg(xC − xB) = −µkmgd, (3)

using equation (1). Since Wfk < 0, friction acts to decelerate m.

Thus, from the W-K theorem and equations (2) and (3), we can write:

∑

W = Wmg +✟✟✟✯
0

WN +Wfk = mgR(1− cos θ0)− µkmgd = ∆K = KC −KA = 0

⇒ d =
R(1− cos θ0)

µk

.

Problem 29.

Solution: We start with equation 4.3.9 (in ed. 7) giving the trajectory of a projectile in the
absence of air resistance, and generalised for a non-zero starting height, z0:

z(x)− z0 = x tanα− g

2v20 cos
2α
x2. (1)

For z0 = h, the range, R, is the value of x when z = 0 (see figure). Thus, for a given α,

z(R) = 0 = h+R tanα− g

2v20 cos
2α
R2

⇒ R2 − 2v20R

g
tanα cos2α− 2v20h

g
cos2α,

a quadratic in R. Since 2 tanα cos2α = 2 sinα cosα = sin 2α and 2 cos2α = cos 2α + 1,

R2 −R
v20
g
sin 2α− v20h

g
(cos 2α + 1) = 0, (2)

To find the angle, α, that extremises R, we need to set dR/dα = 0. To do that, we could

first solve Eq. (2) for R using the quadratic formula:

R =
v20 sin 2α

2g
±
√

v40 sin
22α

4g2
+
v20h

g
(cos 2α + 1),

and then find dR/dα, but this looks awful!! So instead, let’s differentiate Eq. (2) implicitly :

2R
✓
✓
✓✓✼
0

dR

dα
−
✓
✓
✓✓✼
0

dR

dα

v20
g
sin 2α− R

v20
g
2 cos 2α+

v20h

g
2 sin 2α = 0
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⇒ −R cos 2α+ h sin 2α = 0 ⇒ R = h tan 2α. (3)

Substituting equation (3) into equation (2), we get:

h✁2 tan22α−✓✓h tan 2α
v20
g
sin 2α− v20✓✓h

g
(cos 2α+ 1) = 0

⇒ h
sin22α

cos22α
− v20

g

sin22α

cos 2α
− v20

g
(cos 2α + 1) = 0,

eliminating the tan function. Next, putting terms proportional to v20/g on the RHS, we get,

h
sin22α

cos22α
=

v20
g

(
sin22α

cos 2α
+ cos 2α + 1

)

=
v20
g

sin22α + cos22α+ cos 2α

cos 2α

⇒ h
sin22α

cos✁22α
=

v20
g

1 + cos 2α

✘✘✘✘cos 2α
.

Then, use identities: sin 2α = 2 sinα cosα; cos 2α = 1− sin2α; 1 + cos 2α = cos2α, to get:

h
✁✁✕
2

4 sin2α✘✘✘✘
cos2α

1− 2 sin2α
=

v20
g

✁2✘✘✘✘
cos2α ⇒ gh

v20
=

1− 2 sin2α

2 sin2α
=

1

2 sin2α
− 1

⇒ 1

2 sin2α
= 1 +

gh

v20
=

v20 + gh

v20
⇒ sin2α =

1

2

v20
v20 + gh

, (4)

as desired.

b) To find R, we first note from Eq. (4) that:

cos 2α = 1− 2 sin2α = 1− v20
v20 + gh

=
gh

v20 + gh
.

Then, from Eq. (3), we have:

Rmax = h tan 2α = h
sin 2α

cos 2α
= h

√
1− cos22α

cos 2α
= ✓✓h

√

1−
(

gh

v20 + gh

)2
v20 + gh

g✓✓h

=
1

g

√

(v20 + gh)2 − (gh)2 =
1

g

√

v40 + 2v20gh

⇒ Rmax =
v20
g

√

1 +
2gh

v20
.

Note that for h = 0, this reduces further to Rmax = v20/g, the range worked out in PHYS
1210 for a cannon on the same level as the target.
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Problem 30.

Solution: a) Consider the FBD for m when it is somewhere between points A and B, and
thus 0 < θ < θ0. From Newton’s 2nd Law, we have:

x/ −fk +mg sin θ = max = matan; (3)

y/ N −mg cos θ = may = m
v2

R
= macp, (4)

where, since path AB is circular, ax is a tangential acceleration,
and ay is a centripetal acceleration. Then, from the hint,

atan = −1

2

dacp
dθ

.

m
k

y

x

N

mg
θ

θf

Substituting this along with fk = µkN into equation (3) yields:

−µkN +mg sin θ = −m1

2

dacp
dθ

⇒ N =
m

µk

(

g sin θ +
1

2

dacp
dθ

)

,

and substituting this into equation (4) gives us a first order differential equation for acp:

✟✟m

µk

(

g sin θ +
1

2

dacp
dθ

)

−✟✟mg cos θ = ✟✟macp

⇒ dacp
dθ

− 2µkacp = 2g(µk cos θ − sin θ),

in agreement with equation (1).

b) To solve equation (1), first consider the homogeneous equation:

dacp,h
dθ

− 2µkacp,h = 0,

whose solution we can write down by inspection:

acp,h = αe2µkθ,

where α is a constant of integration. Alternately, one could recognise the homogeneous
equation as a first order separable ODE, and solve directly to get the same result.

Next, we seek a particular solution to equation (1). Again by inspection, we see that since
the RHS has both a cosine and a sine term, a particular solution must have the form:

acp,p = β cos θ + γ sin θ,

which we substitute into equation (1) directly to solve for β and γ. Thus,

−β sin θ + γ cos θ − 2µk(β cos θ + γ sin θ) = 2g(µk cos θ − sin θ)
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⇒ (−β − 2µkγ + 2g) sin θ = (2gµk − γ + 2µkβ) cos θ.

Since cos θ and sin θ are linearly independent functions, the coefficients must be zero:

−β − 2µkγ + 2g = 0

2gµk − γ + 2µkβ = 0

}

⇒ β = 2g
1− 2µ2

k

1 + 4µ2
k

and γ = 6g
µk

1 + 4µ2
k

. (5)

Thus, the solution to equation (1) is:

acp = acp,h + acp,p = αe2µkθ + β cos θ + γ sin θ. (6)

To evaluate α, we apply initial conditions: at t = 0, θ = θ0 and acp = 0 (v = 0). Thus,

0 = αe2µkθ0 + β cos θ0 + γ sin θ0 ⇒ α = −(β cos θ0 + γ sin θ0)e
−2µkθ0. (7)

Substituting equation (7) into (6), we get:

acp = −(β cos θ0 + γ sin θ0)e
2µk(θ−θ0) + β cos θ + γ sin θ. (8)

Now, at point B, θ = 0 and equation (8) becomes:

acp,B =
v2B
R

= −(β cos θ0 + γ sin θ0)e
−2µkθ0 + β

⇒ v2B = R
[

β
(
1− cos θ0e

−2µkθ0
)
− γ sin θ0e

−2µkθ0
]

,

which agrees with equation (2) after equations (5) have been substituted in.

c) To find the distance d that m slides beyond point B and comes to rest at point C, we use
the W-K theorem. Between points B and C, the only force that does work is fk = µkmg,
and thus,

∑

W = ∆K ⇒ −µkmgd = ✚
✚✚❃

0

KC −KB = −1
2
mv2B

⇒ d =
1

2µkg
v2B =

R

2µkg

[

β
(
1− cos θ0e

−2µkθ0
)
− γ sin θ0e

−2µkθ0
]

⇒ d =
R

µk(1 + 4µ2
k)

[(
1− 2µ2

k

)(
1− cos θ0e

−2µkθ0
)
− 3µk sin θ0e

−2µkθ0
]

,

using equations (5).

Problem 31.

Solution: a) The figure depicts the ball’s trajectory in the suggested coordinate system,
where the ball is struck at (x, z) = (x0, z0). With the trajectory beginning at the origin, we
have from equations (4.3.9), (4.3.11), and (4.3.14, corrected) in ed. 7:
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z = x tanα− g

2v20 cos
2α

x2; (1)

H =
v20 sin

2α

2g
(max. height); (2)

R + x0 =
v20 sin 2α

g
(range). (3)

h

x1x

0x

0v

0z α

z

H

R

impact site (home plate)

x

catching range
∆

Note that v0 and α are the initial velocity and elevation angle the ball would have if launched
from the origin rather than by the batter. Note further that the total range in (3) is the
batter’s range, R, plus the distance between the origin and home plate, x0.

Solving equation (2) for v20, we get:

v20 =
2gH

sin2α
. (4)

Substituting this into equation (1) gives us:

z = x tanα− ✓g sin
2α

4✓gH cos2α
x2 = x tanα− 1

4H
(x tanα)2, (5)

which, at x = x0 (location of home plate), gives us:

z0 = x0 tanα− 1

4H
(x0 tanα)

2 ⇒ (x0 tanα)
2 − 4H(x0 tanα) + 4Hz0 = 0

⇒ x0 tanα =
4H ±

√
16H2 − 16Hz0

2
= 2H

(

1−
√

1− z0/H
)

, (6)

choosing the smaller of the two roots (−) and thus closer to the origin.

Next, substitute equation (4) into (3) to get:

R + x0 =
2✓gH

sin✁2α

2✘✘✘sinα cosα

✓g
=

4H

tanα
⇒ x0 tanα = 4H − R tanα. (7)

Then, comparing equations (6) and (7), we get:

4H − R tanα = 2H
(

1−
√

1− z0/H
)

⇒ tanα =
2H
(
1 +

√

1− z0/H
)

R
.

Now, noting that H = 5.07 = 3
(
13
10

)2
, z0 =

3
4
, and R = 25,

1− z0
H

= 1− ✁3/4

✁3
(
13
10

)2 = 1− 25

169
=

144

169
⇒

√

1− z0
H

=
12

13

⇒ tanα =
1

25
6

(
13

10

)2(

1 +
12

13

)

=
39

50
,
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which, when substituted into equation (5) gives:

z =
39

50
x− 1

12

(
10

13

)2(
39

50

)2

x2 =
39

50
x− 3

100
x2 ⇒ 3x2 − 78x+ 100z = 0, (8)

as required.

b) The batter, located at x = x0, strikes the ball from a height z = z0 = 3
4
. Substituting

this into equation (8) yields:
3x20 − 78x0 + 75 = 0,

which one can see by inspection admits x0 = 1.00 m (or use quadratic formula).

c) Let x1 be the horizontal distance of the ball from the origin when its height above ground
is z = h = 2.07 m (see figure). Then, from equation (8),

3x21 − 78x1 + 207 = 0 ⇒ x21 − 26x1 + 69 = 0

⇒ x1 =
26±

√
676− 276

2
= 23.0 m,

choosing the root furthest from home plate (+). Thus, the ball will be x1 − x0 = 22.0 m
from home plate when its height is 2.07 m. Since the range of the batter is R = 25.0 m,

the outfielder needs to be between 22.0 and 25.0 m from home plate to catch the fly-ball.

As suggested by Michael Power (class of ’18), the following may be a more intuitive approach
for parts a) and b):

The general form for the trajectory starting at the origin is:

z = ax− bx2, (9)

and we know three points that lie on this trajectory:

(x0, z0);
(
1
2
(R + x0), H

)
; and (R + x0, 0).

Substituting each into (9) gives us:

z0 = ax0 − bx20; (10)

H =
a

2
(R + x0)−

b

4
(R + x0)

2; and (11)

0 = a(R + x0)− b(R + x0)
2, (12)

which may be solved for a, b, and x0. To this end, start with (12) to find:

a = b(R + x0), (13)
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and substitute this into (10) to find:

z0 = b(R + x0)x0 − bx20 = bRx0 ⇒ b =
z0
Rx0

(14)

⇒ a =
z0
Rx0

(R + x0). (15)

Then, substituting each of equations (15) and (14) into (11) gives us:

H =
z0

2Rx0
(R + x0)

2 − z0
4Rx0

(R + x0)
2 =

z0
4Rx0

(R + x0)
2

⇒ 4HRx0 = z0(R
2 + 2Rx0 + x20) ⇒ x20 + 2R

(

1− 2H

z0

)

x0 +R2 = 0.

Putting in numbers (R = 25, H = 3(169/100) and z0 = 3/4), we get:

x20 + 50

(

1− 2(✁3)
169

100

4

✁3

)

x0 + 625 = 0

⇒ x20 − 626x0 + 625 = 0 ⇒ x0 = 1 or 625,

the latter dismissed as being non-physical (beyond R). Thus, x0 = 1 (distance between
origin and home plate; part b), and equations (14) and (13) give us:

b =
3/4

(25)(1)
=

3

100
and a =

3

100
(26) =

78

100
.

Substituting these into equation (9) gives us our desired result for part a):

z =
78

100
x− 3

100
x2 ⇒ 3x2 − 78x+ 100z = 0.

Problem 32.

Solution: a) From equation (1), we can write out the x- and z-components separately:

x(t) =
v0x
γ

(
1− e−γt

)
; (3)

z(t) =
1

γ

(

v0z +
g

γ

)
(
1− e−γt

)
− gt

γ
. (4)

From equation (3), we have:

1− e−γt =
γx

v0x
(5)

⇒ e−γt = 1− γx

v0x
⇒ t = −1

γ
ln

(

1− γx

v0x

)

. (6)
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Substituting equation (5) into the first term of equation (4) and equation (6) into the second
term, we get:

z(x) =
1

✓γ

(

v0z +
g

γ

)

✓γx

v0x
+

g

γ2
ln

(

1− γx

v0x

)

,

as desired.

b) To find the range, R, as indicated in the figure, set z(R) = 0 in equation (2). Thus,

z

0v

R0

α
R

γ = 0

γ > 0
x

R

v0x

(

v0z +
g

γ

)

+
g

γ2
ln

(

1− γR

v0x

)

= 0. (7)

To make further progress, do a Maclaurin expansion
on the logarithm:

ln(1 + u) = u− u2

2
+
u3

3
− u4

4
+ . . .

Thus, for small γ (γ ≪ v0/g), equation (7) becomes:

R

v0x

(

v0z +
g

γ

)

+
g

γ2

(

− γR

v0x
− (γR)2

2v20x
− (γR)3

3v30x
− . . .

)

=
v0z
v0x

R +
�
�
�Rg

v0xγ
−
�

�
�gR

γv0x
− gR2

2v20x
− gγR3

3v30x
− . . . = 0

⇒ v0z −
gR

2v0x
− gγR2

3v20x
−O(γ2) = 0,

having multiplied through by v0x/R. This is as far as we got in class.

Next, drop terms of O(γ2) to leave a quadratic in R:

R2 +
3v0x
2γ

R− 3v20xv0z
gγ

≈ 0,

on which we use the quadratic formula to get:

R = −3v0x
4γ

±
√

9v0x2

16γ2
+

3v20xv0z
gγ

= −3v0x
4γ

+
3v0x
4γ

√

1 +
16γv0z
3g

,

keeping the + root so that R > 0. Next, apply a binomial expansion to the radical to get:

R = −
�
�
�3v0x

4γ
+

3v0x
4γ

(

✁1 +
1

2

16γv0z
3g

− 1

8

256γ2v20z
9g2

+O(γ3)

)

=
2v0xv0z
g

− 8γv0xv
2
0z

3g2
+O(γ2) =

2v0xv0z
g

(

1− 4γv0z
3g

+O(γ2)

)

.
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On substituting v0x = v0 cosα and v0z = v0 sinα, we get:

R =
2v20 sinα cosα

g

(

1− 4γv0
3g

sinα +O(γ2)

)

= R0

(

1− 4γv0
3g

sinα +O(γ2)

)

,

as desired (having used the trig identity 2 sinα cosα = sin 2α).

Problem 33.

Solution: a) From equations 4.4.4 in the text, we have for a 2-D isotropic oscillator:

x(t) = B cos(ωt+ α) ⇒ ẋ(t) = −Bω sin(ωt+ α); (1)

y(t) = C cos(ωt+ β) ⇒ ẏ(t) = −Cω sin(ωt+ β). (2)

Using the initial conditions, equations (1) and (2) give:

B cosα = A; −Bω sinα = 0 ⇒ α = 0; B = A,

C cos β = 4A; −C✚ω sin β = 3✚ωA ⇒ C2 cos2β + C2 sin2β = C2 = 25A2.

⇒ C = 5A ⇒ cos β =
4

5
; sin β = −3

5
.

Thus, the coordinates of the oscillator are given by:

x(t) = A cosωt (3)

y(t) = C cos(ωt+ β) = C(cosωt cos β − sinωt sin β)

= 5A
(
4
5
cosωt+ 3

5
sinωt

)

= 4A cosωt+ 3A sinωt. (4)

ψ

A

10A x

y

2

To find the trajectory (path taken by m), we eliminate t between (3) and
(4). To this end, from (3), we have:

cosωt =
x

A
⇒ sinωt =

√
1− cos2ωt =

√

1− x2

A2
.

We can therefore eliminate the trig functions from (4) and get:

y(x) = 4��A
x

��A
+ 3A

√

1− x2

A2
= 4x+ 3

√
A2 − x2

⇒ 3
√
A2 − x2 = y − 4x ⇒ 9A2 − 9x2 = 16x2 − 8xy + y2

⇒ 25x2 − 8xy + y2 = 9A2 ⇒ x2

A2
− 2xy

4/5

A(5A)
+

y2

(5A)2
=

9

25
.

According to equation 4.4.10 and Figure 4.4.2 of eds. 6 and 7, this is an
ellipse that fits inside a box of width 2∆x = 2A and a height 2∆y = 10A.
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b) According to equation 4.4.15 of eds. 6 and 7, the angle of inclination of the semi-major
axis of the ellipse (relative to the +x axis), ψ, is given by:

tan 2ψ =
2(A)(5A)

A2 − (5A)2
4

5
=

8

−24
= −1

3
⇒ ψ =

1

2
tan−1

(

−1

3

)

∼ 80.8◦.

Problem 34.

Solution: a) According to equation 4.4.19 in the text, the motion of the non-isotropic
oscillator is given by:

x(t) = A cos(ωxt+ α) ⇒ vx(t) = −Aωx sin(ωxt+ α);

y(t) = B cos(ωyt+ β) ⇒ vy(t) = −Bωy sin(ωyt + β);

z(t) = C cos(ωzt+ γ) ⇒ vz(t) = −Cωz sin(ωzt + γ),

where the frequencies are given by:

ωx =

√

2kx
m

= π; ωy =

√

2ky
m

= 2π; ωz =

√

2kz
m

= 3π,

and the phases α, β, and γ are determined from initial conditions:

~r(0) = ~0 ⇒ A cosα = B cos β = C cos γ = 0 ⇒ α = β = γ =
π

2
,

~v(0) =
1√
3
(1, 1, 1) ⇒ Aπ sinα = 2Bπ sin β = 3Cπ sin γ = − 1√

3

⇒ A = − 1√
3π

; B = − 1

2
√
3π

; C = − 1

3
√
3π

.

Now, since cos(θ + π/2) = − sin θ, we have finally that:

x(t) =
1√
3 π

sin(πt); y(t) =
1

2
√
3π

sin(2πt); z(t) =
1

3
√
3 π

sin(3πt).

b) Since:
ωx

1
=

ωy

2
=

ωz

3
= π,

the frequencies are commensurate and m traces out a Lissajous figure (a closed path), re-
turning periodically to its initial conditions. Since the integers in the denominators have no
common factors, the time required for m to complete a single loop and return to its initial
conditions, τ , is given by equation 4.4.20 in the text:

τ = 2π
1

ωx

= 2π
2

ωy

= 2π
3

ωz

= 2, in units where k = π2m.
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Problem 35.

Solution: Let the position and velocity of the electron be ~r = xı̂+y̂+zk̂ and ~v = ẋı̂+ẏ̂+żk̂.
For an electron, q = −e, and the Lorentz force is:

~F = −e( ~E + ~v × ~B) = −e
(
E̂+ ẋB ı̂× k̂

︸ ︷︷ ︸

−̂
+ ẏB ̂× k̂

︸ ︷︷ ︸

ı̂

)
= −eẏBı̂ + e(ẋB −E)̂

= m(ẍı̂+ ÿ̂+ z̈k̂)

⇒ ẍ = −eB
m
ẏ ≡ −ωẏ; ÿ = ωẋ− eE

m
; z̈ = 0, (1)

where ω =
eB

m
is the cyclotron frequency. Integrate over time the first of equations (1) to

get:
ẋ = −ωy + c,

where c is the constant of integration. Now, at t = 0, y = 0 ⇒ ẋ0 = v0 = c. Thus,

ẋ = −ωy + v0. (2)

Substitute (2) into the second of equations (1) to get:

ÿ = −ω2y + ωv0 −
eE

m
⇒ ÿ + ω2y = ωv0 −

eE

m
. (3)

To solve (3), start with the homogeneous equation: ÿH + ω2yH = 0, whose solution is:

yH(t) = −a cos(ωt+ δ),

where a and δ are constants of integration, and where we have inserted the minus sign in
anticipation of the final result.

Next, a particular solution [anything that solves (3)] is evidently:

yP =
v0
ω

− eE

mω2
=

1

ω

(

v0 −
E

B

)

.

Thus, the general solution to (3) is:

y(t) = yH(t) + yP = −a cos(ωt+ δ) +
1

ω

(

v0 −
E

B

)

. (4)

Now apply boundary conditions to (4). Thus,

ẏ(0) = 0 ⇒ a sin δ = 0 ⇒ δ = 0;

y(0) = 0 ⇒ a cos δ = a =
1

ω

(

v0 −
E

B

)

, (5)
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and (4) becomes:
y(t) = −a cosωt+ a = a(1− cosωt), (6)

where a is given by (5). Next, substitute (6) into (2) to get:

ẋ = −ωa(1− cosωt) + v0,

which integrates to:

x(t) = −ωa
(

t− 1

ω
sinωt

)

+ v0t +✚✚❃
0

x0 = a sinωt+ (v0 − ωa)t = a sinωt+ bt,

where b = v0 − ωa =
E

B
.

Finally, the last of equations (1) integrates trivially to z(t) = z0 + ż0t = 0 since, from the
given initial conditions, z0 = 0 and ż0 = 0.

Thus, the path of the electron, as parameterised by t, is given by:

x(t) = a sinωt+ bt; y(t) = a(1− cosωt); z(t) = 0,

where ω = eB/m, b = E/B, and a = (v0 − b)/ω, as desired.

Problem 36.

Solution: First, note from the figure that the small angle of oscillation, φ, is distinct from
the angle θ at which the plumb bob in equilibrium hangs, and which does not need to be
small.

φ
mθ φ

m

T

a = 0.1g
m ma

T

mg

θ

mg

O x

y y

O x

In the O′ frame, the net apparent “gravitational” force on m is given by:

~g ′ = aı̂− g̂ ⇒ g′ = g
√
1.01.

If we rotate the coordinate system, O′, by the angle θ to O′′, as shown in the second FBD,
the situation is identical to that in a non-accelerating frame other than the fact that g′
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has been substituted for g. Thus, we can immediately write for the angular frequency of
small-amplitude (φ) oscillations of the bob:

ω′ =

√

g′

l
.

Therefore, the period of oscillation of the plumb bob in the accelerating boxcar, τ ′, is:

τ ′ =
2π

ω′
= 2π

√

l

g′
= 2π

√

l

g
√
1.01

≃ 0.9975 2π

√

l

g

⇒ τ ′ = 0.9975 τ,

where l is the length of the cord, and τ is the period of oscillation when the boxcar is not
accelerating.

Problem 37.

Solution: This follows closely example 5.2.2 of the text (eds. 6 and 7). As shown in the
figure, let the leading point on the wheel be Q, and let the point at the centre of the track
be the origin of an inertial coordinate system, O. Then, as we did in class, consider an
accelerating coordinate system, O′ at the axle of the wheel that does not rotate with the
wheel. Thus, k̂′ always points vertically and ı̂ ′ always points towards O.

x
y

z

v0

z

ω

O

ρ

Q b

O

Start with equation (5.2.14) of the text:

~a = ~a ′+ ~̇ω×~r ′+2 ~ω×~v ′+~ω×(~ω×~r ′)+ ~A. (1)

Since the wheel does not slip, the translational
speed of the wheel relative to O, v0, is also the
tangential speed of any point of the rim relative
to O′. Thus,

Step 1: “Hunting and gathering”.

acceleration of Q relative to O′: ~a ′ =
v20
b
̂ ′;

angular velocity of O′ relative to O: ~ω =
v0
ρ
k̂′ (not Q about O′!);

angular acceleration of O′ relative to O: ~̇ω = 0;

position of Q relative to O′: ~r ′ = −b̂ ′;
velocity of Q relative to O′: ~v ′ = −v0k̂′;

acceleration of O′ relative to O: ~A =
v20
ρ
ı̂ ′.
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Step 2: Do the cross products.

transverse term: ~̇ω × ~r ′ = 0;

Coriolis term: 2~ω × ~v ′ =
2v20
ρ
k̂′ × (−k̂′) = 0;

centrifugal term: ~ω × (~ω × ~r ′) = −v
2
0

ρ2
b k̂′ × (k̂′ × ̂ ′) =

v20
ρ2
b ̂ ′.

Step 3: Assemble the accelerations: Substituting everything into equation (1), we get:

~a =
v20
b
̂ ′ + 0 + 0 +

v20
ρ2
b ̂ ′ +

v20
ρ
ı̂ ′ ⇒ ~a =

v20
ρ
ı̂ ′ + v20b

(
1

b2
+

1

ρ2

)

̂ ′.

Problem 38.

Solution: a) As in the figure, define a rotating coordinate system, O′, such that ı̂ ′ remains
along the rod and such that the origin of O′ coincides with the origin of an inertial coordinate
system, O. Then,

Step 1: “Hunting and gathering”:

O

y

tω

ωt

x

O

m

y

ω

x

N

l

angular velocity of O′ relative to O: ~ω = ωk̂′

angular acceleration of O′ relative to O: ~̇ω = 0;

position of m relative to O′: ~r ′ = x′ ı̂ ′;

velocity of m relative to O′: ~v ′ = ẋ′ ı̂ ′;

acceleration of m relative to O′: ~a ′ = ẍ′ ı̂ ′;

acceleration of O′ relative to O: ~A = 0.

Step 2: Do the cross products :

transverse force: −m~̇ω × ~r ′ = 0;

Coriolis force: −2m~ω × ~v ′ = −2mωẋ′k̂′ × ı̂ ′ = −2mωẋ′̂ ′;

centrifugal force: −m~ω × (~ω × ~r ′) = −mω2x′ k̂′ × (k̂′ × ı̂ ′) = mω2x′ı̂ ′.

Step 3: Assemble the forces: From the figure, the only real force acting in the x′-y′ plane is
the normal force: ~F = N̂ ′. Substituting this and the inertial forces into equation (5.3.2) of
the text:

~F ′ = ~F −m~̇ω × ~r ′ − 2m~ω × ~v ′ −m~ω × (~ω × ~r ′)− m~A = m~a ′,
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we get:
mω2x′ ı̂ ′ + (N − 2mωẋ′)̂ ′ = mẍ′ ı̂ ′.

Since we are being asked about the motion along the rod, we only need consider the ı̂ ′

component of this vector equation. Thus,

ω2x′ = ẍ′ ⇒ x′(t) = Aeωt +Be−ωt and ẋ′(t) = Aωeωt − Bωe−ωt.

Imposing boundary conditions,

x′(0) =
l

2
⇒ A+B =

l

2

ẋ′(0) = 0 ⇒ A− B = 0






⇒ A = B =

l

4
,

and we have:

x′(t) =
l

4

(
eωt + e−ωt

)
=

l

2
coshωt. (1)

b) To determine when the bead reaches the end of the rod,

x′(t) = l =
l

4

(
eωt + e−ωt

)
⇒ eωt + e−ωt − 4 = 0

⇒ e2ωt − 4eωt + 1 = 0 ⇒ eωt =
4±

√
16− 4

2
= 2±

√
3.

For ωt > 0, eωt > 1 and we choose the positive root to get:

ωt = ln(2 +
√
3) ⇒ t ≃ 1.317

ω
.

c) Finally, differentiating equation (1), we get:

v′(t) =
lω

4

(
eωt − e−ωt

)
.

When the bead leaves the rod, eωt = 2 +
√
3, and thus:

v′
∣
∣
x′=l

=
lω

4

(

2 +
√
3− 1

2 +
√
3

2−
√
3

2−
√
3

)

=
lω

4

(

2 +
√
3− 2 +

√
3
)

⇒ v′(l) = lω

√
3

2
.
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Problem 39.

Solution: a) In a coordinate system O′ fixed to the ground in which x′ points east, y′ points
north, and z′ points upward along the plumb line, ~v ′ = v0̂

′ and ~ω = ω(cosλ̂ ′ + sin λk̂′)
woth v0 = 180m s−1 and ω = 7.292× 10−5 rad s−1. Thus,

~FCor = −2m~ω × ~v ′ = −2mωv0(cosλ ̂
′ × ̂ ′ + sinλ k̂′ × ̂ ′)

= 2mωv0 sin λ ı̂
′ = m(0.0172m s−2) due east.

b) As a ratio of its weight, the Coriolis force is:

FCor

mg
=

2✟✟mωv0 sinλ

✟✟mg
= 1.76× 10−3,

using g = 9.81m s−1. For a 2,000 pound car, this represents a force of about 3.5 pounds.

Problem 40.

Solution: From class, we found the east-west and vertical coordinates, (x′, z′), of a projectile
near the surface of the earth are:

x′(t) = ẋ′0t− ωt2(ż′0 cosλ− ẏ′0 sin λ) +
ωgt3

3
cosλ;

z′(t) = ż′0t− 1
2
gt2 + ωt2ẋ′0 cos λ,






(2)

taking the initial position (x′0, z
′

0) = (0, 0). Since the initial velocity is directed eastward at
an elevation angle α,

~v0 = (ẋ0, ẏ0, ż0) = (v0 cosα, 0, v0 sinα),

and equations (2) become:

x′(t) = v′0t cosα + ωt2 cosλ

(
gt

3
− v′0 sinα

)

; (3)

z′(t) = v′0t sinα− 1
2
gt2 + ωt2v′0 cosα cosλ. (4)

a) When the bullet hits the ground, z′(t) = 0 and equation (4) requires,

t
(
v′0 sinα− 1

2
gt+ ωtv′0 cosα cosλ

)
= t
[
v′0 sinα− t

(
1
2
g − ωv′0 cosα cosλ

)]
= 0

⇒ t = 0 or
2v′0 sinα

g − 2ωv′0 cosα cos λ
,

corresponding to the beginning and the end of the trajectory respectively. Thus,

t =
2v′0 sinα

g

(

1− 2ωv′0
g

cosα cosλ

)−1

,
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which is equation (1).

b) Assuming ωv′0 ≪ g, the second term in the binomial is ≪ 1, and we may use a binomial
expansion to get:

(

1− 2ωv′0
g

cosα cosλ

)−1

= 1 +
2ωv′0
g

cosα cosλ+ · · · ,

retaining just the first two terms. Thus, equation (1) becomes:

t ≈ 2v′0 sinα

g

(

1 +
2ωv′0
g

cosα cosλ

)

=
2v′0 sinα

g
+

2v′0 sinα

g

2ωv′0
g

cosα cos λ

=
2v′0 sinα

g
+
v′ 20

sin 2α
︷ ︸︸ ︷

2 sinα cosα

g
︸ ︷︷ ︸

R0

2ω cosλ

g

⇒ t ≈ 2v′0 sinα

g
+

2ωR0 cosλ

g
, (5)

as desired.

c) Finally, for the range, R′

0, we use equation (3) evaluated at time t. Now, the first term
in equation (3) has no factor ω, and so we must include both terms in equation (5) when
substituting for t. However, the second term in equation (3) is already proportional to ω, and
thus when substituting for t, we may retain just the leading term in equation (5). Bearing
all this in mind, we have:

x′(t) ≈ v′0

(
2v′0 sinα

g
+

2ωR0 cos λ

g

)

cosα+ ω

(
2v′0 sinα

g

)2

cosλ

(

✓g

3

2v′0 sinα

✓g
− v′0 sinα

︸ ︷︷ ︸

−1
3
v′0 sinα

)

=
v′ 20 sin 2α

g
︸ ︷︷ ︸

R0

+ω cosλ

(

R0
2v′0 cosα

g
− 4v′ 30 sin3α

3g2

)

= R0 + ω cosλ

(

R0

√
2 cosα

g sinα

v′0
√
2 sinα cosα√

g
︸ ︷︷ ︸

√

R0

−1

3

√
2

g

v′ 30 (2 sinα cosα)3/2

g3/2
︸ ︷︷ ︸

R
3/2
0

sin3/2α

cos3/2α

)

⇒ x′(t) = R′

0 = R0 +

√

2R3
0

g
ω cos λ

(

cot1/2α− 1

3
tan3/2α

)

,

as desired.

If you put in the numbers, for a rifle with a muzzle speed of 500m s−1 aimed at an elevation
angle of α = 30◦, the range without taking into account the earth’s rotation is R0 = 22,070m.
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The correction term proportional to ω = 7.292×10−5 rad s−1 amounts to an additional 89.3m
at latitude λ = 45◦N, or about 0.4%. In fact, atmospheric effects are a much more important
modifier to R0 than the effects of the earth’s rotation.
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