Solutions to Extra Problems

PHYS 2302 (Mechanics I); D. A. Clarke

Problem 1.

Solution: Starting with the hint, since D=Ax (é X 5) 1 B x C, then D must lie in the
plane spanned by B and C', and we may write:

D = BB ++C. (1)
Now, D1 Aas well, and thus,
A-D=pA B +yA-C)=0 = p= _(gig) (A-C)=a(d-0), (2
where « is a scalar. Further,
WA-C) = —B(A-B) = ~a(A-O)A-B) = ~ = —a(d-B). (3)

Substituting equations (2) and (3) into equation (1) gives us:
D =a(A-C)B—a(A-B)C = a[B(A-C) - C(A- B)]. (4)

To prove the identity, then, it remains to show that a = 1. To this end, we observe that
equation (4) is true for any set of vectors in any coordinate system with the only proviso
that B 7é C so that B and c uniquely define a plane. Thus, without loss of generality!,
suppose A=C =i and B = j. Then equation (4) becomes:

~

D=Ax(BxC)=ix(jxi) =ix(=k) =}

= a[(d- OB~ (A B = o[ A~ D] = o)

proving that o = 1 and thus the assertion.

Problem 2.

Solution: Start with:

'In practise, what it means to be able to choose any vectors from any coordinate system is that no matter
what vectors we choose to evaluate «, we’ll get the same result. Don’t believe it? Try it!
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Lo v-a R
U-ad = vacosf = cosf = —. (1) v
va

In polar coordinates (using equations 1.11.7 and 1.11.9),
T = bkeFle, 4 beMcey = beM (keé, + céy)

a = (bk*e™ — be*'c?)e, + 2bkeM cey = beM ((k* — ?)é, + 2kcéy)

= U-d = e (k(K® — )+ 2ke®) = MK+ 7). (2)
Further,
v = || = be"'VE? + 2, (3)
and

a = beP'\/(k2 — 2)2 + 4k22 = beM'VEL + 4 2k22 = beM' (kP + ). (4)
Substituting equations (2)—(4) into equation (1), we get:

b2e2 (k2 + c2) k

cosl = DTk £ (2 = e o = constant.
Problem 3.
Solution: a) Taking the derivative of - (7 X @), we get:
d dr d
Z(F- (T x @) = d—z (T X @) + 7 (0 x @)
_ g mxair (D xarox @) —p (gx X
N —~— dt at ) dt )’
Ly axa=0

as desired.

b) Consider v? = ¥ - ¥, and take its time derivative:

d d
%(UU):£U2:2UU
= V- — — UV =v-Q a-v = ZU-a
dt  dt ’

and thus U - @ = v0, as desired. It follows that if || is constant, v = 0 and ¥ L d.

Note that a = |@| # © necessarily, since the latter is a measure of the acceleration along the
direction of motion only. Thus, for example, if the particle maintains a constant speed, v,
around a circle of radius 7, © = 0 but a = v?/r # 0 (centripetal acceleration).



Problem 4.

Solution: Since the critical information (that m is on the verge of slipping along M) has to
do with the interface between m and M, we must consider the two masses as separate free
bodies and assess the forces on each. Thus, consider the free-body diagrams for m and M:

m: x/ —Nyronm +F = ma; (1)
y/ JsMonm —mg = 0, (2)
M: x/ Nmonn = Ma;  (3)
y/ Ny — fomonn — Mg = 0. (4)

Note that F' acts on m only, and thus does not appear on the FBD for M. The fact that m
is being pushed by F' is communicated to M via the normal force m exerts on M, Ny, on -

Note further there are two “action-reaction pairs”: Nyonm = Nyonm = N and fomonmr =
fsmtonm = fs. Of these, students will often miss f,,on s on the FBD for M. Particularly
when assessing the FBDs of two or more interacting objects, use Newton’s third law to make
sure you haven’t missed any “reaction forces”.

Finally note that since m is on the verge of slipping, f; = usN. If m were not on the verge
of slipping, the best we could say is f; < pusN.

To find a and F', note that equation (4) brings in a fourth unknown, Ny, which we do not
care about. Thus, we need only consider equations (1)—(3). Starting from equation (2),

myg

ps

fs=mg=uN = N =

Substituting this into each of equations (1) and (3), we get:

F-"9 = g (5)
s
myg mg
= Ma = |a-= . (6)
Hs 'USM

Substitute equation (6) into (5) to get minimum force:

mg mg mg m
F— =m = | F = (1 + —>.
s ,usM s M




Problem 5.

Solution: a) Using the “control surface” described in the hint, start at point A, and move
clockwise. At B, a rope under tension is encountered exerting an external force on m. If we
were to cut the rope at the control surface, the end of the rope left inside would fall down
(along with the chair!). Thus, the tension in the rope was acting upward to prevent this
from happening, and Ty is added to the FBD pointing up.

Similarly, at C we find another rope under tension ex-
erting an upward force, and T¢ is added to the FBD
pointing up.

under tension

control
_ o surface B TeaaTc
At D, another rope is encountered, but this is not under / C y
tension, and thus no Tp is added to the FBD. \ L m TV
Ae i
Including mg pointing downward completes the FBD. \ D
mg

Now, for an ideal pulley and a massless cord, the ten-
sion along the cord is uniform = Ty = T = T. Thus,
from the FBD and Newton’s 2" law:

not under tension

mg

2T'—mg = 0 (since v is constant, a =0) = |T = 5

T is provided by the person in the chair pulling on the rope, and thus the person must pull
with half the weight of m.

b) If the rope is pulled by someone from below, then
each rope crossing the control surface is under tension,
including D. Points B and C are as before (cutting the
rope at each point causes the end left inside the control
surface to fall, thus tension was acting up). However, !
cutting the rope at D causes the end of the rope left in- Ae
side the control surface to accelerate upward and here,
the tension must have been acting downward. Thus,
add Tp downward to the FBD. F

under tension

control
surface/B

Once again, Tg = Tc = Tp = T, mg acts downward and, from the FBD, Newton’s second
law yields:

2'—mg—T =0 = |T = mg.

This time, T' is provided by the force exerted from below, F', and thus the person pulling
from below must exert a force F' =T = myg, the full weight of m.

Alternate solution: One could also construct a control surface excluding the rope between
points C and D, since this could be done without cutting off any body parts of m! Done
correctly, this will give the same answer (F' = T = mg) even if the FBD is different.



Problem 6.
Solution: a) Separating the variables, we get:

dy Ty dy  xdr 1d(m2+1)

—— = i i e
de 22 +1 Y 224+1 2 2241

Y

which we can integrate directly:

dy 1 [d(z*+1) 1 )
— =lny = — = -1 1
n / o 2n(:)3+ ) +c,

Y 2

where c¢ is the combined constant of integration from both integrals. Solving for y, we get:

y = en@ NP He — oo /3T o y(z) = OV 1,

where C' = e° is a “constant of integration”.

b) Separating the variables, we get:
dy
2T e eV
o xe e

which can be integrated directly:

/eydy =e' = —/xe_‘cd:z = ze ¥ — /e‘xdx =zxe"+e T +c

solving the second integral by parts, and where ¢ is the combined constant of integration.
Solving for y, we get:

= édy = —ze “dx,

y(z) = In((z+1)e " +c).

c) Following the hint, rewrite the ODE as,

dy d(zy) dz
—_— = = — = 1—
Yl Ty dx dx “
where z = zy. In terms of z, this ODE is separable, and we write:
22
dz = (1—2z)dex = z:xy:x—?—l—c,

where ¢ is the combined constant of integration. Solving for y, we get:

X

C
- 41—
y(z) ~tl-3

If you keep open to the possibility of a variable substitution such as in part ¢, you’ll find
many first order ODEs are separable, even if they don’t look like they are at first blush.

b}



Problem 7.

Solution: First, note that for forces that are functions only of x, and where at x = 0, v = 0,
we have:
dv dx dv dv

F(z) = ma = Moy = Mmoo = muos = EF(x)dx = vdv

\/ / )

This is a Varlatlon of equation (1.7.9) in the class notes with £ — U(z) = K replaced with
K =Ko+ [ F(2')d2’ and Ko =0 (equatlon 1.7.5 in the class notes). Putting equation (1)
in this form makes it more practical for solving this problem. To wit,

2 [* 2
a) [y =Iy+cr = wv(r) = \/—/ (Fy + ca')da! = \/— (Foz + 1cx?)
m J, m
2 (" 2F
b) F, = Fe™™ = () = \/—/ Foe=e'dz! = \/—0 (1 —eem)
m J, cm

2 (" 2F
c) F, = Fycos(cx) =  w(z) = \/—/ Fycos(cx')da! = |1/ =2 sincx
m Jo

cm

Problem 8.

Solution: a) From equation (2), the differential form of the work-kinetic theorem,

M:ZP:%:Q (3)

> W = dK dt dt

since the rate of change of kinetic energy for an object moving at constant speed, vy, is zero.

Now, from the FBD, the four forces at play are mg, N, fi, and D, f Y
each in principle generating power. Thus, equation (3) becomes: k N 4
Vi

> P =Pu+Py+P,+Pp=0

= PD:_ng_PN_Pfk7 (4)
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and it remains to calculate the power generated by each force on the RHS. To that end, and
with z pointing in the direction of v; as shown in the FBD, we use equation (1) to find:
P, = (mg),v, = (mgcos)vy, = mguysinf  (You need to know your trig!);
Py = Nyvg = 0 (since N L 0y);
Ps = (fu)oavr = —pNvy = —pyemg cos 6 vy (since ﬁ; x —2 and N = mgcos?).

k

Thus, equation (4) becomes:

Pp = —mgugsinf + pymgcos@uv, = | Pp = muyg(py cosd — sinf).

b) For numerical values, we have from above,

Py = muygsing = (500)(9.81)(sin 20°) ~ 1.68 x 10° W ~ 2.25hp;

Py = —pemuigcosf = —(0.15)(500)(9.81)(cos20°) ~ —691. W ~ —0.927 hp;

k

Pp = (500)(9.81)[(0.15)(c0s 20°) — (sin20°)] ~ —986. W ~ —1.32hp,

all accurate to three significant figures.

The sign on the power (+ for P,,,, — for Pj_and Pp) indicates whether the power generated
by the force works to accelerate (+) or decelerate (—) the motion. That is, whether the
component of F' in the direction of ¥ is parallel to (+) or antiparallel to (—) v.

Problem 9.
. . dv dx dv dv ad /o o«
Solution: a) F = mi = mE = mE% = mv% = m;%(;) = —m;;
2
mao
= | F(z) = — 3
dv d d
b) F = —c®? = mo = m 2% — @
dx dt dx m \Y; :
— oil
O v dv c [ /
= — = —— [ dz,
vy U2 m J,

where [ is the total distance m slides, and thus to where
v = 0. Solving the integrals, we get:

0 cl 2m

—21}8/2 = - = |l =—/v
Vo m &

2U1/2




Problem 10.

Solution: This is an application of problem 2.17 (F&C, ed. 7). We have:

dv dv dv
F—kvx—ma—mﬁ—mv% = kx—m%,

which is a separable first order ODE. Thus,

dv = Exd:c = /dv = E/:calx = () = ixz—i-c, (1)
m m 2m

where ¢ is a constant of integration evaluated using boundary conditions. In this case, at
x =0, v = vy, and equation (1) = vy = ¢. Thus,

dx k
’U(.Z') = E = %xz—i‘vo.

Once again, we have a separable first order ODE, and we can write:

e —dt = Q—mfidx —/dt
vo + ka2/(2m) k) a2+a2 ’

where a® = 2muy/k. Letting x = atan ¢ and thus dz = asec’¢ d¢, we get,

2m sec’h _ 2m _ [2m . _
k/wiww_ka/dqs_/dt = g ¢ =t

where d is another constant of integration, this time evaluated from initial conditions. In
particular, at t = 0, x = 0 and thus d = 0, and we have:

2m o (x) b= tan-l k kuvg ;
—— tan — ] = an x = o
V kv a 2muyg 2m

= |a() = QTZUO tan< @t).

2m

Problem 11.

Solution: a) Equation (1) includes a first and second derivative of y but not y itself. Thus,
the most obvious solution to equation (1) is a constant, y = ¢, for then 3/ = y” = 0, and
equation (1) is satisfied trivially. So what constant do we choose? It doesn’t matter; Occam
might suggest y;(z) = 1, so let’s go with that.
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As for the second solution, it may be a bit more obvious if we let z = ¢’ and rewrite equation
(1) as:

422 =0 = = -2z
and ask the question: What function, z(x), has a first derivative equal to minus itself times
22 Answer: z(x) = e 2® for then,

d d
N Vo ) P

de — dx
But if z(x) = e™%*, then,

and —3e~ %" also solves equation (1). But if —fe~?" solves equation (1), so will e™* (leading
constants don’t matter in a homogeneous ODE—try it!), and our two solutions are:

yi(z) =1 and yo(z) = e, (2)

Evidently, there is no constant, «, such that y; = ays, and the two solutions in equation (2)
are linearly independent.

b) The general solution to equation (1) is a linear combination of the two linearly independent
solutions in equations (2). That is,

y(z) = Ay (z) + Bysy(z) = A+ Be ™, (3)

where A and B are constants (independent of z).
c¢) Since one of the boundary conditions is applied to ', we first differentiate equation (3)

to get:
Y (z) = —2Be™ ", (4)

Then, setting y(0) =1 and 3/(0) = —1, we get:
1

which, when substituted into equation (3), gives:

T —T
L€ Fe

H%_/

cosh x

(1 + 6_2m) =e¢

y(r) = e “coshz,

N —

y(r) =

as desired.




Incidentally, equation (1) could also be solved by breaking it up into two first order, separable
ODEs. Letting, as we did above, z = 3/, equation (1) becomes the 1% order ODE:

dz %:_26133 = %:—2/6& = Inz = —2x+p3,

dx z z

where [ is a constant of integration. Thus,
2(z) = e = pe7,

where b = €. But 3y = 2, and we have the second separable 1% order ODE:

Z—y =be ™ = dy = be ¥dr = /dy = b/e_hda: = |y(z) = A+ Be™,| (5)
x
where B = —b/2 and A is a second constant of integration.

Equation (5) is identical to equation (3), and thus if you followed this path, you would have
answered part b before part a. To answer part a, you would have had to glean the two
independent solutions from equation (5), namely y;(x) = 1 and yo(z) = e 2*. Part c then
follows directly from equation (5) as above.

Problem 12.

Solution: a) The centre of a guitar string moves back and forth like a simple harmonic oscil-

lator with amplitude ¢ = 2.00 x 1073 m and angular frequency wy = 27f = 1,024 rrads™!.

Now, from equation (2.2.5) in the class notes, we have:
x(t) = mocoswot = i(t) = —mewpsinwet = E(t) = —wow] coswot.

Since sin and cos range between +1, the maximum velocity is given when sinwpt = £1 (and
thus wot = +m/2) and the maximum acceleration is given when coswot = £1 (and thus
wot = 0 or 7). Thus,

= Towp = (2.00 x 107%)(1.024 x 10*)7 ~ 6.43ms™*

'Umax

Umax = Towg = (2.00 x 107%)(1.024 x 10*)?7% ~ 2.07 x 10" ms™ %

b) Starting this time from equation (2.2.3) in the class notes,
x(t) = Acoswolt + Bsinwgt = @(t) = —Awpsinwyt + Bwy cos wyt,

we apply boundary conditions to find A and B. In this case, at t = 0,

2(0) = 0.250 = A}O&éﬁfiBMi A
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0 ! 0.100  5.00 x 107?

#(0) = 0.100 = —Awyg si + Bwqg ¢ = Bwy = B-= on 7 - m.
Thus,
z(t) = 0.250 cos(207t) + M sin(207t),
or,

z(t) = 0.250 cos(62.8t) + 1.59 x 10~ sin(62.8t).

Problem 13.

Solution: a) Let z = 0 be the equilibrium position when the levels in both sides of the
U-tube are equal, and consider the system when the water level in the right hand side is a
distance 0 < z < z, above equilibrium (inset).

Defining U(0) = 0, the potential energy of the system is as though
water from the hatched region on the left were raised a distance
z. Thus, if A is the uniform cross sectional area of the U-tube,

U(z) = mgh = (pAz)gz = pAg??,

where p is the density of water, and Az is the volume of water
raised a distance z. The fact that U(z) is quadratic in displace-
ment, z, is enough to identify this system as a simple harmonic oscillator.

To find the period of oscillation, we must find the kinetic energy. Here, K is the energy of
motion of the entire length of the water column. Further, because the cross sectional area
of the U-tube is constant, every point in the water column moves with the same velocity,
v = Z, the speed of the rising and falling water levels on the left and right side. Thus,

K(2) = imw? = 1(pAl)2,

2

where this time, m is the mass of the entire column of water of length [.

Conserving energy, we have:

Al
E = Uz)+ K(2) = pAg® + %22,
which has the form of equation (2.3.1) in the lecture notes. Thus, w? is the ratio of the

coefficients of the z? and 22 terms, and we get:

2 2 l 21
wgsz/g——g = 7T="con) =x —,

%pffl o Wo 2g g

11



as desired.

2
b) Since wi = Tg = — for an effective spring constant, k, then,

m
_2gm 2gpAl —
k = = = |k = 2gpA.

Problem 14.

Solution: a) From the discussion on vertical oscillators in §2.2 of the class notes, if we
measure displacements from the equilibrium point of m hanging on the wire (length [+ 6l ~
[), then we need only consider the unbalanced force caused by the additional distortion
—zp < z < zp, as shown in the inset. Thus, from the FBD,

Fomi—SA——Y9A—-v—An~_2A4, I
[+ 4l [
using equation (2) to set F' = SA, equation (3) to set S = =YX,
and equation (1) for 3. Thus,
[ +0l ~ |
. YA
P=—%
m
FBD
the equation of motion for a simple harmonic oscillator. The fre- m
quency and period of oscillation are therefore given by: ZQ:E Z [ ‘a
YA 27 mil <A
o ml = wo Vya

which is equation (4).

b) A 12-gauge wire has a diameter d = 2.05 mm, and thus a cross sectional area,

_dr (2.05)2
A—?TZ—TF 1

retaining four significant figures for an intermediate result. Thus,

(1.00)(1.00)
7T\/(1.17 101 (3.301 x 10-6y ~ L010Ls

~ 3.301 mm? = 3.301 x 10~%m?,

or about 99 Hz (oscillations per second). It is for this reason that demonstrating such
oscillations is difficult in a classroom setting.

¢) When m is hanging from the spring in equilibrium, its weight is balanced by the restoring

force of the stretched wire. Thus,
ol [ ol
mg+SA =0 = mg=-SA=YLA=vZ4 = 2 _2%
l YA g
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Substituting this into equation (4), we get:

T =27 ﬂ,
g

which is the period of a simple pendulum of length I (equation 2.2.7 in the class notes).

Problem 15.

Solution: a) Let the equilibrium position of m be z = 0. Then, as shown in §2.2, the forces
to establish equilibrium (mg, kiz, k2z.) balance and can be omitted from the free body
diagram.

If m is pulled down a distance zy and released, FBD 1 below shows the relevant forces when
mis at —zp < z < zy. Thus, from Newton’s 2"¢ law, we have: b 4
11 Ko

—kiz—koz = mzZ = Z=— z,
m

a second order ODE describing a simple harmonic oscillator with

frequency:
ky + ko
Wy = m .

If we were to replace the two springs with a single spring of spring
constant kp,, without changing the angular frequency, then:

(.Uo:\/kl—i_ké: @ = k?par:k?1+k?2.
m m

Thus, springs in parallel combine by direct addition (like electrical resistors in series).

b) Next, if the two springs are attached to m in series, the displace- E—
ment of m, namely z, is distributed over the two springs. Let ky
and ks be stretched (compressed) by z; and zs respectively. Then,

Z21+2 =2 = 2 = z— 2. (1)

Further, only one spring (k) is in direct contact with m. Thus,
the FBD for m (FBD2) includes kyzo only (equilibrium forces
ignored), and we have:

oz = mME. (2) kzzzl ( K1z
To incorporate the effect of spring ki, we consider point A where al m z tA
the two springs join. Here, if both springs are stretched, k; pulls FBD 2 KoZ>

13 FBD 3



upward on A while ks pulls downward, as shown on FBD 3, and
Newton’s 2" law gives:

kozo — kiz1 = 0 (since A has no mass) (3)

Now for the algebra. Substitute equation (1) into equation (3) to get:

ki
kozo — k kizg =0 = = : 4
222 12+ K122 22 b + oo z (4)
Then, substituting equation (4) into equation (2) gives us:
K1k . . L kiky
— z=miZ = |Z=—-— 2,
]{31 —+ ]{72 m ]{31 + ]{72

the equation for a simple harmonic oscillator, with frequency,

P A
O Nk + ke

If we were to replace the two springs with a single spring of spring constant kg, without
changing the angular frequency, then:

o — l ]{31]{52 o kser = k‘ _ k1k2 = 1 — i_‘_i
0= \/mk1+k2 N m Ser_]{514‘]{52 kser_kl k2.

Thus, springs in series add in reciprocal (like electrical resistors in parallel).

Problem 16.

Solution:  For an underdamped oscillator with initial amplitude zy, the amplitude as a
function of time is given by (equation 2.4.11 from the class notes),

A(t) = ze .

Thus, time for amplitude to fall by 1/2, t,5, is given by:
A(tl/g) = % = Z()e_ﬂytl/2 = ’ytl/g =1In2 = t1/2 = —.
7

Now, the number of complete periods for the amplitude to fall to z,/2 is 10, and thus,

t1/2 In21 /g In2 /g
LR VO ey - AN PR
T, ~ 7\ T VT

using equation (1) for Tp.
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Problem 17.

Solution: As was done in class, we differentiate equation (1) to get:
i(t) = —ye " (Ae” + Be™™) + e g (Ae” — Be ), (2)

and apply the new initial conditions to equations (1) and (2) to find A and B. To that end,

2(0) = A+B =0 and  #(0) = —(A+BTL q(A— B) = v

= A=-B=2
2q
Thus, equation (1) becomes:
o(t) = e—“ﬂf;’—;(eqt — ety = %e"yt sinhgt (g # 0), (3)

using the definition of the hyperbolic sine given by equation (2.4.8) in the class notes.
As done in class, we consider four cases.

Case 1: For g >0 € R, v > wp and the system is over-damped. This is described by equation
(3) as written.

Case 2: For ¢ = 0, v = wy and the system is critically damped. For this, we must examine
equation (3) in the limit as ¢ — 0. Thus,

sinh gt t cosh qt
limz(t) = voe “" lim T _ voe " lim i U vote™ ", (4)
q—0 q—0 q q—0
~——————
I’Hopital

since cosh 0 = 1.

Case 3: For v < wy, q € I and the system is underdamped. For this, we let,

wa = \Jwi =% = q/i,

where wyq € R is the natural oscillation frequency of the underdamped oscillator. Thus,
q = iwq and equation (3) becomes:

2(t) = 22 e sinhiwgt = 2 e~ sin wyt, (5)
1Wq Wq

using one of equations (2.4.9) in the class notes.
Case 4: For v =0, wq = wy and the system is undamped, in which case,

. Vo .
1 t) = — t. 6).
WIL%LL’( ) o sin wo (6)

15



Bringing all four cases together, we have:

( sinh gt
oyt S , 7> wp (overdamped);
q
x(t) = Uy sin wqt
6—'yt 1 Wd , v < wo (underdamped);
Wq
i t
S Wo , v = 0 (undamped)a
\ Wo
as desired.
Problem 18.

Solution: a) From problem 3.9, we have that the ratio of successive minima of a damped
oscillator is e %4, where Ty = 27 /wq is the period of oscillation. Thus,

e—’YTd - _ = 'de = l = In2 = Y= fd1n2> (1)

fa

where f4 is the frequency of the damped oscillator in Hz. Now, from the class notes, we
have:

In2

2
Wq = wg—vz = wOZ\/wg—l—vzz\/w§+(fdln2)2:wd 1+<?>,

since fq = wq/2m. Thus,

w w, In2
i 0_d1+<

2
or = 5 %) £4(1.00607) ~ 100.6 Hz,

for f4 = 100Hz. Note that a damping coefficient sufficient to decrease the amplitude of
oscillation by a factor of two after each cycle only changes the oscillation frequency by 0.6%.
Thus, for the most part, wq = wy is a pretty good approximation.

b) From equation (2.4.16) in the class notes,

_Wa_ 2mfa T s
27 2fqIn2 In2 —

Qa

using equation (1) for ~.
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Problem 19.

Solution: a) Let t.q be the time it takes for the critically damped oscillator to get to within
1% of its equilibrium position. That is, from equation (2.4.4) in the class notes,

2(teq) = 0.01zg = zpe (1 + Yteq)

= e (1 4 tey) = 0.01,

a transcendental equation we must solve with a root finder. My Hewlett-Packard 15C pro-
grammable calculator (bought in 1982!) is perfectly suited for this task, and I find,

Ytea ~ 6.638 (unitless).
But, for critical damping, v = wp = 27 fy = 107, and thus,

107teq ~ 6.638 = tq ~ 0.211s.

b) Let t,q be the time it takes for the over-damped oscillator to get to within 1% of its
equilibrium position. That is, from equation (2.4.10) in the class notes,

2(tog) = 0.01lzg = mpe e (cosh Gtod + Y sinh qtod> , (1)
q
where ¢ = /72 — w? = /3wy, for v = 2wy. Thus, equation (1) becomes:

2
e~ 2wotod (cosh V3woted + % sinh \/gwotod) = 0.01,

another transcendental equation for which my HP15C is equally well-suited! For this, I find,

17.465
WQtod ~ 17.465 = tod ~ W ~ (0.556s.

c¢) For an underdamped galvanometer, we have from equation (2.4.10) in the class notes,
_ -t 7o
z(t) = xe cos wqt + — sin wdt) ,
SN—— wq
A(t)

where the amplitude, A(t), is given by the underbrace, with the remaining time-dependence
oscillatory. Thus, if t,q is the time for the amplitude to die down to 1% of its original value,

A(tud) = 00111}'0 = ,’L‘Oe_ﬁ/t“d = e_“/tud — 001’

where we can now solve for t,q directly. Thus, with v = wy/5,

5
—%tud = n(0.01) = tu = —In(100) ~ 0.733s.



Now,

2 Vi

Wa = \Jwi —7? = wop——

5
V24 51n(100
= watug = wo 5In(100) _ V2410(100) ~ 22.56 ~ 7.187,
Wo

or about 3.59 complete oscillations.

Note that in both parts b and ¢, the time for the needle to get to within 1% of its “reading”
(equilibrium) is longer than in part a, where the galvanometer is critically damped.

Oh yeah, and the speedometer? It’s from my very first car:
a 1978 Firebird!

Congrats to Jared Park (and his dad) who identified it!

Problem 20.

Solution: For each part, a and b, we first solve the homogeneous version of equation (1),
Ui (@) + Syp (@) + dyn(z) = 0, (2)
by “trial exponentials”. Thus, substitute the trial solution €™ into equation (2) to get:
P+ b + 4 =0 = rP+br+4 = (r+1)(r+4) =0,

factoring the quadratic (or we could have used the quadratic formula). Thus, r = —1 or —4
and our two linearly independent solutions to equation (2) are:

and  y(w) = 7,

x

yi(z) = e
from which we construct the general solution to (the homogeneous) equation (2):
yn(z) = Ae™™ + Be ™, (3)

where A and B are constants to be determined from boundary conditions.

a) For f(x) =2, equation (1) becomes:
y'(x) +5y'(x) + dy(z) = 2, (4)

for which we search for any solution by inspection. Since all coefficients are constant, try
yp =constant = y’ =y = 0, and equation (4) becomes:

1
dy, = 2 = ypza.
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The general solution to equation (1) is thus,

1
y(x) = yn(z) +yp = Ae™ + Be " 4 5 = y'(z) = —Ae™® — 4Be™ "

Applying the given boundary conditions, we get:

1
y(O):A—I—B—I—§:1 and  ¢'(0) = —A—4B = 0.
Solving for A and B, we get:
2 1 2 1 1
A= B = —Z _ Z,x _ — 4z -
: 2= |ue) = seT ot o)

is the specific solution to equation (1) for the given boundary conditions and f(x) = 2.
b) For f(x) = 5e*, equation (1) becomes:
y'(z) + 5y (x) + 4y(x) = 5e”, (6)

for which we search for any solution by trial exponentials. Noting that if y, oc e, all -
dependence cancels out, we are motivated to try y,(x) = Ce”, in which case equation (6)
becomes:

O+ 5067 + 408" = 5% = 100 = 5 = cz%.

The general solution to equation (1) is thus,

1
y(r) = yn(z) +yp(x) = Ae™ + Be ™™+~ = y/(r) = —Ae™" —4Be " + 56””.

N —

Applying the given boundary conditions, we get:

1 1
y(O):A+B+§:1 and y/(O)Z—A—4B+§:0.
Solving for A and B, we get:
A=g B=0 = |ylo) = 50"+ 56" = cosh "
DX - y\r —26 26 = coshux,

is the specific solution to equation (1) for the given boundary conditions and f(z) = 5e”.

As an exercise, you should check to make sure that equations (5) and (7) do indeed solve
equation (1) for the respective f(z), and that in each case, y(0) = 1 and y'(0) = 0.
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Problem 21.

Solution: a) From equation (2.6.12) in the class notes,

wy = yJwi — 2792,

k b
where w2 = - and v = o Thus, from the numbers given,
250. 60.0
“o 00 ~ 200 and = onggy = 20

= w = /25.0-2(9.00) = V7 ~ 2.65rads”".

b) Start by noting that,

wa = \/wg —~%2 = v25.0—-9.00 = 4.00.

Thus, from equations (2.6.13) and (2.6.15) in the class notes, we have,

F (48.0)

A = - — 0.200m,
bwa  (60.0)(4.00) =
. 7

tan ¢, = % = g = ¢, ~ 0.723rad.

Problem 22.

Solution: Here, we follow exactly what we did in class, with F' o sinwt instead of coswt.
Thus, we guess for the particular solution z, o sinwt and then, allowing for the force and
displacement to be “out of phase” by a phase angle ¢, choose,

zp(t) = Asin(wt — ¢). (1)

If this solves equation (2.6.1) from the class notes with the new driving force, namely,

F
T+ 2vx + ng =22 sin wt,
m
then,
Fi
—Aw?sin(wt — ¢) + 2y Aw cos(wt — @) + w2 Asin(wt — ¢) = —> sinwt, (2)
m

from which we solve for A and ¢ as functions of w.

To this end, expanding out the trig functions in equation (2), we get:
2 2 . . . . FO .
(wy — w”)A(sin wt cos ¢ — coswt sin ¢) + 2ywA(cos wt cos ¢ + sinwt sin ¢p) = — sin wt
m
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F
= (Wi — whAcos g + 2ywAsin ¢ — O sinwt =
m

(3)
[(w§ — w?)Asin ¢ — 2ywA cos ¢] cos wt.

Since sinwt and coswt are independent functions, the quantities in [ | must be zero. Thus,
on the RHS of equation (3):

(wi — wh)Asing — 2ywAcos g = 0

2
= |tan¢ = had

2 _ 2
wi — w

which is equation (2.6.4) in the class notes. From this we can immediately write:

2 2

\/(wg — w2)2 + 47%12’

2yw
\/(wg — w?)® 4202

which are equations (2.6.5) in the class notes.

sin ¢ =

and cos ¢ =

()

On the LHS of equation (3), we have:

F
(wi —wh)Acos g + 2ywAsin ¢ — EO =0

oA Fy/m B [(wg—w2)2+472w2}1/2F0/m
(Wi —w?)cos ¢+ 2qwsing (wg — w?)® + 47202
using equations (5). Thus,
Fo/m
Alw) = (6)

\/(wg — w2)2 + 47%)2’

which is equation (2.6.7) in the class notes.

Thus, z,(t) in equation (1) is the steady-state solution for the damped harmonic oscillator
driven by a force F' = Fjsinwt, with the phase between the force and displacement, ¢, given
by equation (4) and the amplitude of oscillation given by equation (6).

The point here is that sine and cosine are really the same function, just out of phase by 7/2
radians. Thus, it makes no difference whether the driving force is proportional to sinwt or
coswt; the amplitude and phase of the steady-state oscillation must be the same.
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Problem 23.

Solution: a) As usual for a spring, the restoring force is —kz (negative proportional to the
distortion of the spring) and the damping force is —bZ (negative proportional to the rate at
which the spring is distorting). Thus, from Newton’s second law, we have,

ZF = —kz— 02 = ma, (1)
where a is the acceleration as measured from an inertial frame of reference. Using O as the

inertial frame, if y is the total distance between O and the bottom of the spring, then

2

= ﬁ(C%-h%—z) = (+3,

y=C+h+z = a=7

since h = constant. Thus, with b = 2my and k = mw?, equation (1) becomes:

iy — 2yt = m((+3) = |P+2vi+wiz = —(, (2)

as desired.
b) For ¢(t) = (o coswt, { = —w?(ycoswt, and equation (2) becomes:
F+2v5 4+ wiz = w?(ycosut,

which has exactly the same form as equation (2.6.1) from the class notes for a driven, damped
oscillator with Fy/m replaced with w?(y. Therefore, from equations (2.6.4) and (2.6.7) in
the class notes, we can immediately write down,

2 2
tan ¢ = % and A = W : (3)
Wo T W \/(u)g — w2)2 + 422
c¢) Using the expression given,
Qo= o VTt WR =7 > =
2y 2y ’ VAQZ T 1
Thus, for Qg = 2, we have:
Wo
~ —— ~ 0.243wy. 4
VT ’ (4)

d) i) For w = 1w, and using equation (4) for 7,
1/4

2
1
A yZ = ~ 0.317.

N T R L i
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_%(%/\/ﬁ) _ 4 o —1< 4 )N
tan ¢ = %% = 3T = ¢ = tan —3\/ﬁ 0.313 rad,

and the displacement of m is within ~ 18° of being in phase with the ground.

i) For w = 2wy and using equation (4) for =,

4 il ! 1.2

Co \/(_3%)2“6%%/17) ~ 9+ 16/17

~

 dwelwg/VIT) 4 B _1(_4)N
tan ¢ = _3% YT = ¢ = tan —3\/177 2.83rad,

and the displacement of m is within ~ 18° of being out of phase with the ground.

e) Following the hint, we let w? = € in the second of equations (3), and examine,

aAr _ d PG
A dQ\ (w2 — Q)° + 4092

_ 206[(wd - 0) +4977] - (- 9) (-1 + 170G

[
where we don’t really care about the denominator since we’ll be cross multiplying it with
the zero. Thus,

20¢F (wy — 2w + Q% +407%) + 29¢F (waQ — O — 292Q) = 0

4
W
= Wi —wi Q20 =0 = Q:w§:7w8—0272

2
Wo

\/ﬁ’ (5)

= |w =

as desired.

Substituting equation (5) into equation (3), we find,

4
A _ “o CO
max 2 o2
wp — 27 W2 wh ) 440 A2
0 wi—2+2 wi—2+2 v
;2
2
G who

_ “o o )
= T A T

Wg Co

_ §)
27/ wi — 7 R

= Amax =
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as desired.

f) Substituting v = wy/V/17 (equation 4) into each of equations (5) and (6), we get:

\]

X 1
O %0 ~ 1.065

Wo Z 15

Aman = % — = 2.125.

Thus, the resonant frequency is ~6.5% higher than the natural oscillation frequency of the
undamped spring, and the resonant amplitude is 2% times the oscillation amplitude of the
ground.

Finally, substituting equations (4) and (5) into the first of equations (3), we get:

20,y

2
w w 1
tang, = 54— = 2 0 0

Y 2 4
wE — w V w
0~ W > W0 17 5 0

“o T Ay O wg —2uwE/17

All factors of wy cancel out, and we're left with:

tan ¢, = Z\/%L\//l_/7 (—1—25) = V15 = Or = tan ™! (—\/ﬁ) ~ 1.823 rad.

Thus, at resonant frequency, the displacement of m is ~104° out of phase with the ground.
Note that as v — 0, this phase difference — 90°.

Problem 24.

Solution: a) The potential energy of the water with the water level inclined is the same as
though the mass in the triangle acd in the inset were raised to triangle abc. To do this,
each horizontal strip of water of mass dm, length x, and thickness dz is raised a distance 2z,
where 0 < z < y. Thus,

Yy b“ dZ
dU = 2gzdm = U = 2pwg/ rzdz, J\b\
0 Ul
since dm = prw dz. Then, from similar triangles, 7 >C—’
x :L_/Q N :E:L(y—z)’ e
y—z y 2y /2

and we have:

prg/y prg( 23)
U=——1|] 2(y—2)dz = — - —
¥y Jo v=7) y 2 3




as desired. The fact that U o< y? already tells us the system is a simple harmonic oscillator.

b) Given the result from part d, the total mechanical energy is:

pLwg , pwl® ,
E=U+K =
- 6 7 " 6on 7
which has the classical form for the mechanical energy of a simple harmonic oscillator. Since
w3 is given by the ratio of the coefficients, we have:
o pLwg 60h 10gh

“o 6 pwld L2
v 10gh 2m 2L
and Ty = — = .
L Wo v 10gh

For L =1.5m and h = 0.3m, T ~ 1.7s, which seems about right given my distant memories
of flooding the bathroom floor much to my mother’s great consternation!

= wo =

c¢) As for the mother of all bath tubs, the natural oscillation period of the Bay of Fundy,
with L = 5.0 x 10°m and an effective depth of h = 50m, is Ty ~ 4.49 x 10*s ~ 12.47 hr,

which is very close to half the time it takes for the moon to return to the same position in
the sky (24.9hr).

Thus, the high tides in the Bay of Fundy can be explained as a resonance phenomenon.

d) (Bonus 5 points) For the kinetic energy, consider the inset, which A Uz
depicts a narrow column of fluid of width dz and depth h below the 4 dt :X
level line (z-axis) and a trapezoid of average height z above the level bl 1% c
line representing the rest of the water column up to the surface. As h
shown, the horizontal water speed at the left is given by v(z), at the [> O
right v(z + dz), and at the level surface, dz/dt, the rate at which the V" | v(x+dx)
surface is either rising (dz/dt > 0) or falling (dz/dt < 0) at that place
and moment. ax—d

dx

In the fixed rectangle abcd of height A and width dz, as much water enters abed in a given
time, dt, as leaves (large arrows), and we write:

pwhv(x) d — pwho(x + dx)df—pwdx%df =0

dt
v(z+dr) —v(r) 1dz dv 1,
dx T hdt A B 1)

Again from similar triangles,
y—z 2y B 2x Y 2z
= = z-y(l L) = z-y(l —L),
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since here, z is a fixed location and treated as a constant in the differentiation. Substituting
this into equation (1), we get:

B dv Y 2w Y z?
= v(a:)—/dxdx— h/(l L)da:— h(m L—i—c),

where c¢ is a constant of integration. This is evaluated by imposing the boundary condition
that at © = 0 (left end of the tub), the horizontal water speed is zero:

Thus, o
v(w) = 7 (% —x) . (2)

Note that this also satisfies the right boundary condition, namely v(L) = 0.

We are finally in a position to evaluate the kinetic energy:

1 hd
dK = So(x)dm = ’""2 To(x)?, (3)

where we have ignored the portion of the trapezoid above the level line, as this is compensated
by an equal amount of missing mass at the corresponding point in the right half of the tub.
Thus, substituting equation (2) into (3), we find:

L
K:/dK pwh
0

Il
S
VR
> <
~

[N}

o\

h

VR

~ 5
|

8
~

[N}

QL

)

L opw ., [ 2P x4+x3 o I
“on? \52 2L " 3)|, T 2nY 30
. pwl? ,
= K =
as desired.
Problem 25.

Solution: In Cartesian coordinates,

VxF = (O, F, — 0,F,, 0,F, — 0, F,, 0,F, — 0,F,) = 0 for F conservative.
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a) Thus, for F = (zy, ca?, 2%),

VxF=(002z—z) =0 for |c=1.

B} 1 1
VXF:<_£_§___,C_Z+1): O 4,0,2) = 0 for [c= 1.
y

Problem 26.

Solution: For F = F,i+ F,j and d' = dzi + dyJ,

/Cﬁ-dF:/C(dea:+Fydy). (1)

a) Consider first F = i+ yj. For path C, y = z, dy = dz, and YA

equation (1) becomes: (1,1
. 1 1 C
/F-szQ/xdx:xz‘zl. y
Cy 0 0
o (1,0)
For path C,, we break it into two segments, the first between
(0,0) and (1,0) where dy = 0, and the second between (1,0) and (0.0) X

(1,1) where dz = 0. Thus, equation (1) becomes:

1 1
/F-dF:/(a:dx+ydy):/xd9: +/ydy :1:/F-dF,
Cao Cao 0 y=0 0 z=1 C1
confirming that F' is conservative.
b) Next, consider F = yi — zj. For path Cy, y = z, dy = dz, and equation (1) becomes:

1 1
/ﬁ-d?z/(ydx—xdy):/(x—x)dy:().
Cq 0 0

Conversely, along the two segments of path Cs, equation (1) becomes:

1 1
/]3~df’:/(ydx—xdy):/ydaj —/xdy
Co Co 0 y=0 0

and F' as given in this part is not conservative.

= -1+ [ F-dF,

r=1 C1
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Problem 27.

Solution: This problem is very similar to example 4.6.1 (eds. 6 and 7), with m starting at

a different point.

Conserving E, we get,
E = mgi = mgz + %mv2
= v = g(b—22).

Then, from the FBD, we have in the y’ direction:

2
-2
_mgeos@+ N = —ma, = —"0- = _mab=22)
b b
mg(b — 2bcos0)

= — 2 = —mg + 2mg cos 6

= 3mgcosf = mg+ N.

The mass, m, leaves the surface when N = 0,

ZA

z= bcosB

1
= 0059252— = |z =

wl o

Problem 28.

Solution: As indicated in the diagram, gravity, mg, and a normal force, N, act on m along

the entire track, whereas the kinetic friction force,

fi = N = pemg = constant, (1)
acts on m only along BC in the —x direction.
Since gravity is conservative, W,,, is path independent
and we need not evaluate it along the path m actually

takes (ABC). Instead, consider the red path ADC with a
vertical drop AD of height h = R(1 — cosfy) followed by

a horizontal translation DC. Along this path, mg does work only along AD, which is much

easier to compute than over ABC:

0 0
Wiy = / mg-dy = —/ mgdy = —mg(0 —h) = mgR(1 — cosby). (2)
h h

Since W4 > 0, gravity acts to accelerate m.
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As always, the normal force, N , does no work leaving fi which is non-zero only along BC.
Thus, work done by friction is:

zc | e}
Wi, :/ fedT = _/ frdr = —emg(rc — ) = —mmyd, (3)
TB B

using equation (1). Since Wy, < 0, friction acts to decelerate m.

Thus, from the W-K theorem and equations (2) and (3), we can write:

ZW = ng—l-W—lO-Wfk = mgR(1 — cosbty) — uumgd = AK = Kg— Kx =0

R(1 — cos )
Hx '

= |d=

Problem 29.

Solution: We start with equation 4.3.9 (in ed. 7) giving the trajectory of a projectile in the
absence of air resistance, and generalised for a non-zero starting height, zy:

_ 9 2
Z(IL’) — 20 = rtana — ml’ . (1)

For zg = h, the range, R, is the value of x when z = 0 (see figure). Thus, for a given a,

g 2
R)=0=h+Rt ————R
(R) +lvtana 208 cosa
202R 202h
— R 20 anacosta — 20 cos’a,

g g

20 = 2sinacosa = sin 2a and 2 cos’a = cos 2a + 1,

a quadratic in R. Since 2tan a cos

2 2
R? — R™ gin2a — M(cos 20+1) =0, (2)
g g

To find the angle, a, that extremises R, we need to set dR/da = 0. To do that, we could
first solve Eq. (2) for R using the quadratic formula:

P _ tsin2a vé‘sinj?a UM o 20+ 1),
2¢ 4q g

and then find dR/da, but this looks awful!! So instead, let’s differentiate Eq. (2) implicitly:

0 0
d d 2 2 2h
QR/EE/—%E/U—Osin2a—RU—02c082a+UO—25in2oz —0
a Aag g g
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= —Rcos2a+hsin2a =0 = R = htan2a. (3)
Substituting equation (3) into equation (2), we get:

2 2
K tan?2a — K tan 2020 sin 2a — M(cos 2a+1) =0
g g

.2 2 i 2
sin“2 sin“2
e R a—v—o(cos2oz+1) =0,

cos?2ac g cos2a g

eliminating the tan function. Next, putting terms proportional to vZ/g on the RHS, we get,

sin2a 2 [sin®2a v sin®2a + cos?2a + cos 2
= — +cos2a+1) = —
cos?2a g \ cos2a g cos 2«
hsin22oz B v_g 1 4 cos2a

cos?2a B g cos2a

Then, use identities: sin2a = 2sin acos ov; cos2a = 1 — sin?a; 1+ cos2a = cos’a, to get:

2
in“ceos’® v} h  1—2sin? 1
plitaees’s _of, oo ogh_1-2de 1
1 —2sin“« g v 2sin“« 2sin“«
1 h 5+ gh 1 5
= —5 :1_|_g_2:1)0+29 = sin2a:—2L, (4)
2sin“a vh vh 2 vg + gh

as desired.

b) To find R, we first note from Eq. (4) that:
v3 _ gh
v +gh w2+ gh

cos2a = 1 —2sina = 1 —

Then, from Eq. (3), we have:

sin 2cv h\/l—cos22a _%\/1_< gh )2 vg + gh
v,

Ruyax = htan2a = h =
a e cos 20 cos 2a 2+ gh gk
— L Jwz + ghyr = (g2 = \fut + 2089
g g
2 2gh
= Rmax — U—O ]_ ‘l— %
Yo

Note that for h = 0, this reduces further to R., = vg /g, the range worked out in PHYS
1210 for a cannon on the same level as the target.
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Problem 30.

Solution: a) Consider the FBD for m when it is somewhere between points A and B, and
thus 0 < 6 < #y. From Newton’s 2"¢ Law, we have:

x/ —fi+mgsind = ma, = Magan; (3)
2
y/ N —mgcosf = ma, = m% = Mdep, (4)

where, since path AB is circular, a, is a tangential acceleration,
and a, is a centripetal acceleration. Then, from the hint,

1 dacp
Qtan = —3% .
¢ 2 df

Substituting this along with fi = /N into equation (3) yields:

1 da, : 1 da,
— N +mgsint = —m; ;Lep = N = % (gs1n9+§ gep),

and substituting this into equation (4) gives us a first order differential equation for acy:

m 0 1 dag, 0 —
E g sin +§d9 —mgcost = mac,

dacp
df

in agreement with equation (1).

=

— 2uxac, = 2¢g(p cosf — sin b)),

b) To solve equation (1), first consider the homogeneous equation:

dacp,h
de

- 2,ukacp,h = 07
whose solution we can write down by inspection:
2,uk9

Aeph = @€ y

where « is a constant of integration. Alternately, one could recognise the homogeneous
equation as a first order separable ODE, and solve directly to get the same result.

Next, we seek a particular solution to equation (1). Again by inspection, we see that since
the RHS has both a cosine and a sine term, a particular solution must have the form:

Qcpp = Bcost + ysinb,
which we substitute into equation (1) directly to solve for § and . Thus,

—Bsin® + vy cosf — 2 (S cosd + ysinf) = 2g(uy cosd — sin b))
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= (=0 —=2uy+29)sinf = (2gpx — v + 21 f3) cos 6.

Since cos# and sin @ are linearly independent functions, the coefficients must be zero:

=0 =2y +29 =0 1— 23
1 [
= 5:291 412‘ and 7:6g1 1412' (5)
29—y + 2 = 0 A A
Thus, the solution to equation (1) is:
Uep = Qepn + Uepp = ¥ 1+ B cos + vsin 6. (6)

To evaluate o, we apply initial conditions: at t =0, § = 6y and a, = 0 (v = 0). Thus,
0 = ae®<® 4 Bcosly +ysinfy = o = —(Bcosby+ ysinby)e %, (7)
Substituting equation (7) into (6), we get:
ey = —(Bcosby 4 ysinby)e? =% 1 3cosh + ysin 6. (8)

Now, at point B, § = 0 and equation (8) becomes:

2
QcpB = UEB = —(ﬁ cos 6 —|—”ysin¢90)e—2uk90 + 8

= |up = R[ﬂ(l — cos Ope %) — ysin Gpe 2|,

which agrees with equation (2) after equations (5) have been substituted in.

c¢) To find the distance d that m slides beyond point B and comes to rest at point C, we use
the W-K theorem. Between points B and C, the only force that does work is fix = pmg,
and thus,

0
ZW = AK = —mmgd = %— Kg = —%mv%

1 R
= d= V3 = [ 1 — cosfpe 29 — ~gin @ 6_2’“‘90]
2ing B 21ing 5( 0 ) Y 0
= |d= % [(1 — 2,ui) (1 — oS 906_2‘“‘90) — 3 sin (906_2‘”‘90} ,
piic(1 + 4pi0)

using equations (5).

Problem 31.
Solution: a) The figure depicts the ball’s trajectory in the suggested coordinate system,

where the ball is struck at (x, z) = (29, z0). With the trajectory beginning at the origin, we
have from equations (4.3.9), (4.3.11), and (4.3.14, corrected) in ed. 7:
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z = ztana — _9 2, (1) 7 impact site (home plate)

T
Vo
v2 sina H

H = 5 (max. height); (2) ZOL a h
I Xo R X
2 o 2
R+ = ZoFh (range). (3) X1 ~ DX
g catching range

Note that vy and « are the initial velocity and elevation angle the ball would have if launched
from the origin rather than by the batter. Note further that the total range in (3) is the

batter’s range, R, plus the distance between the origin and home plate, xy.

Solving equation (2) for v3, we get:

02— 29H
0 sin’a’
Substituting this into equation (1) gives us:
gsin’a 9

1
z = ztana — = rtana — —(ztana)”,
g )

7
4gH cos?a
which, at x = zy (location of home plate), gives us:

2

1
2 = zotana — —(zptana)® = (wptana)® —4H(zotana) +4Hz = 0

4H

4H ++/16H? — 16 H
= zxptana = v 5 ZO:QH(l—\/l—zo/H>,

choosing the smaller of the two roots (—) and thus closer to the origin.

Next, substitute equation (4) into (3) to get:

2gH 2simrav 4H
R+ 2y = g acose _ = 1xptana = 4H — Rtana.
sinfa g tan a

Then, comparing equations (6) and (7), we get:

2H(14+ /1 —2/H
1 - Rtana = 20(1- VI=/H) = tana — L0EVIZ0/),
Now, notingthatH:5.07:3(%)2,ZO:%, and R = 25,

1_@:1_£_1_2_5:% - 1 0 12
H 3(&)2 169 169 H 13
10

L 1 6 132 1+12 39
ana = — 6 — — ) ==
“ = 257\ 10 13 50°
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which, when substituted into equation (5) gives:

39 1 /10V/39Y , 39 3,
= - (=)= = —r— — = [ 32° — 78z + 100z = 0 8
* TR0 12(13)(50)"’5 50" 100" v T+ 100 =0, (8)

as required.

b) The batter, located at x = xg, strikes the ball from a height z = zy = %. Substituting
this into equation (8) yields:
3xg — T80+ 75 = 0,

which one can see by inspection admits | zg = 1.00 m | (or use quadratic formula).

c¢) Let 27 be the horizontal distance of the ball from the origin when its height above ground
is z = h = 2.07 m (see figure). Then, from equation (8),

322 — 782, +207 =0 = 22 —262;,+69 =0

26 ++/676 — 276
- 2

choosing the root furthest from home plate (+). Thus, the ball will be x; — 2y = 22.0 m
from home plate when its height is 2.07 m. Since the range of the batter is R = 25.0 m,

7 = 23.0 m,

the outfielder needs to be between 22.0 and 25.0 m from home plate to catch the fly-ball.

As suggested by Michael Power (class of '18), the following may be a more intuitive approach
for parts a) and b):

The general form for the trajectory starting at the origin is:
z = ar — ba?, 9)
and we know three points that lie on this trajectory:
(%0, 20); (3(R+ ), H); and (R + x0,0).

Substituting each into (9) gives us:

2 = axg — by, (10)
b

H = %(R+x0) ~J(R+20) and (11)

0= CL(R‘FZL’Q) - b(R—l—l’())2, (12)

which may be solved for a, b, and zy. To this end, start with (12) to find:

a = b(R+ zy), (13)
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and substitute this into (10) to find:
20 = b(R + xo)xg —b:)sg =bRxy = b= — (14)
Ao

- RLE‘O
Then, substituting each of equations (15) and (14) into (11) gives us:

= a (R + o). (15)

20

H —
2RSL’0

(R+ 20)* — ——(R + 20)? =

2H
= 4HRzy = zO(R2—|—2R:170+:)33) = I(2)—|—2R <1_z_) o+ R? = 0.
0

Putting in numbers (R = 25, H = 3(169/100) and 2z, = 3/4), we get:

1694

2 — _ =
22 + 50 <1 2(3)1003);r0+-625 0

= 25 —62600+625 =0 = a5 =1 or 625

the latter dismissed as being non-physical (beyond R). Thus, xy = 1 (distance between
origin and home plate; part b), and equations (14) and (13) give us:
3/4 3 3 4 78

"o e ™M T w0 T T

Substituting these into equation (9) gives us our desired result for part a):

B3
100"~ 100

= | 3z2 — 78z + 100z = 0.

Problem 32.

Solution: a) From equation (1), we can write out the x- and z-components separately:

z(t) = 2oz (1—e); (3)
v
1 9) N
2(t) = — v+ = (1 —e” =—. 4
0 =2 (w4 2) (- -2 (@
From equation (3), we have:
1-et =22 (5)
Vox
= em=1-1 o t:——1n<1—ﬁ> (6)
Vog Y Vog



Substituting equation (5) into the first term of equation (4) and equation (6) into the second

term, we get:

z(x) = l(1102—1—%)7/—x—|—%ln(1—v—x),

Vozx Y Vozx

as desired.

b) To find the range, R, as indicated in the figure, set z(R) = 0 in equation (2). Thus,

£<002+g) +%ln(1—ﬁ) =0. (7
Y Y

Vozx Vozx

To make further progress, do a Maclaurin expansion
on the logarithm:

2 3 4

U u U
In(l4+u) = u— e _ %
n(l+u) =u 2+3 4+

Thus, for small v (v < vy/g), equation (7) becomes:

LN S . L L

2 3
Vox Y Vox 2vg, 3Up,

Ly
Vozx /'/Omry /ﬂ] 0z 21)890 3Ugm

having multiplied through by vg,/R. This is as far as we got in class.
Next, drop terms of O(+?) to leave a quadratic in R:

2
3Vox _ 30,002

R ~ 0,

R? +
2 gy

on which we use the quadratic formula to get:

R — _SUOm + 9U0m2 + SUSZC/UOZ _ _BUOx + 3oz 1+ 167”02’
4~ 16~2 gy 4~ 4~ '\ 3

Ry’ gL/ gk R

.=0

keeping the + root so that R > 0. Next, apply a binomial expansion to the radical to get:

300 Vs 1 169wy, 1 2567202 3
R=- 5 -3 =+0
St <I+2 33, 8 97 T ()

_ 2V02V02 B 87U0wvgz + (’)(72) _ M (1 — 700 + 0(72))

g 39° g 39
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On substituting vg, = vg cos a and vy, = vy sin «, we get:

2 2 & 4 4
R = “UpSmacosa (1 — ;UO sin o + (’)(72)) = | Ry (1 — ;UO sin o + (’)(72)) y

g 9 g

as desired (having used the trig identity 2 sin « cos a = sin 2av).

Problem 33.

Solution: a) From equations 4.4.4 in the text, we have for a 2-D isotropic oscillator:

z(t) = Beos(wt+a) = i(t) = —Bwsin(wt + a);

y(t) = Cceos(wt+B) = y(t) = —Cwsin(wt + B).

Using the initial conditions, equations (1) and (2) give:

Bcosa = A; —Bwsina =0 = «a=0;, B=A4,
CcosfB = 4A; —Cwsinf = 3wA = (C?cos’f+ C*sin?f = C? = 2542

4 3
= (=54 = cosﬁ:g; sinﬁz—g.
Thus, the coordinates of the oscillator are given by:

x(t) = Acoswt

y(t) = Ccos(wt+ B) = C(coswt cos f — sinwt sin [3)
= 5A( coswt + —smwt)
= 4Acoswt 4+ 3Asinwt.

To find the trajectory (path taken by m), we eliminate ¢ between (3) and
(4). To this end, from (3), we have:

Coswt:% = sinwt = V1 — cos?w —\ll—ﬁ

We can therefore eliminate the trig functions from (4) and get:

y()—4AA+3A\/1 A —4x+3vA2—$2
= 3VA2 22 =y —4x = 9A® —92% = 162° — Swy +¢*

2 4/5 y? 9
2 2 2 — A2 z 2 = —.
= 25x" —8xy+vy 9 = yE xyA(5A) + (GA)? o5

According to equation 4.4.10 and Figure 4.4.2 of eds. 6 and 7, this is an
ellipse that fits inside a box of width 2Ax = 24 and a height 2Ay = 10A.

37

10A

—

I\

e S —

/Wx

o~ 1

Z|



b) According to equation 4.4.15 of eds. 6 and 7, the angle of inclination of the semi-major
axis of the ellipse (relative to the +z axis), v, is given by:

24044 8 1 1 01 o
tan 2y = F= To1 - 3 = ¢—2tan 3 80.8°.

Problem 34.

Solution:  a) According to equation 4.4.19 in the text, the motion of the non-isotropic
oscillator is given by:

x(t) = Acos(wet +a) = v,(t) = —Aw, sin(w,t + a);
y(t) = Beos(wyt+ ) = v,(t) = —Bwysin(w,t + B);
2(t) = Cceos(w.t +7v) = w.(t) = —Cuw,sin(w.t + ),

where the frequencies are given by:

[2k, 2k 2k,
W = = T, Wy = Y = or; W, = = 3m,
m m m

and the phases «, 3, and v are determined from initial conditions:

70) =0 = Acosa = Bcosf = Ccosy =0 = azﬁzvzg,
1

0) = —(1,1,1) = Armsina = 2Brsinf = 3Cwsiny = —

(0) \/g( ) B v

= A=

<y

1 1 1

—_ B=—; C = — .
\/§7T 2\/§7T 3\/§7T

Now, since cos( + 7/2) = —sin, we have finally that:

sin(27t); z(t) = sin(37t).

3vV3m

x(t) = L sin(7t); y(t) =

1
\/§7r 2\/§7r

b) Since:
We Wy Wy
_— = —— = — = 7T’

1 2 3
the frequencies are commensurate and m traces out a Lissajous figure (a closed path), re-
turning periodically to its initial conditions. Since the integers in the denominators have no
common factors, the time required for m to complete a single loop and return to its initial
conditions, 7, is given by equation 4.4.20 in the text:

1 2 3
T =21— = 21— = 2r— = 2, in units where k = 7?m.
Wy wy w,
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Problem 35.

Solution: Let the position and velocity of the electron be 7 = zi+yj+zk and 7 = &i+7j+ k.
For an electron, ¢ = —e, and the Lorentz force is:

F=—eE+7xB) = —e(Ej+iBixk+yBjixk) = —eyBi+e(iB — E)j

—~ —~
= m(@i + ij] + k) —J ¢
B E
= = -y = —wy fmwi—— 2=, (1)
m m

B
where w = <= is the cyclotron frequency. Integrate over time the first of equations (1) to
m

get:
T = —wy+c,

where c is the constant of integration. Now, at t =0, y =0 = 27 = vy = c¢. Thus,
T = —wy + . (2)
Substitute (2) into the second of equations (1) to get:

. el . ek
y:—wzy—l—wvo—ﬁ = y+w2y:wvo—ﬁ. (3)

To solve (3), start with the homogeneous equation: {jy + w?yy = 0, whose solution is:

yu(t) = —acos(wt + 9),

where a and § are constants of integration, and where we have inserted the minus sign in
anticipation of the final result.

Next, a particular solution [anything that solves (3)] is evidently:

U el 1 E
= ———— = —[vg—= .
e W mw? w\ % B

Thus, the general solution to (3) is:

1 E
y(t) = yu(t) +yp = —acos(wt+0) + — (vo - E)' (4)
Now apply boundary conditions to (4). Thus,
90) =0 = asind=0 = 4§ =0
1 E
— § = a = — _=
y(0) =0 = acos @ = - (vo B)’ (5)
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and (4) becomes:
y(t) = —acoswt+a = a(l — coswt), (6)

where a is given by (5). Next, substitute (6) into (2) to get:
T = —wa(l — coswt) + v,

which integrates to:
1 . 0 . .
x(t) = —wa|t — —sinwt | + vt + 26" = asinwt + (vo —wa)t = asinwt + bt,
w

E
where b = vy — wa = 3

Finally, the last of equations (1) integrates trivially to z(t) = zo + 2ot = 0 since, from the
given initial conditions, zyp = 0 and 2z5 = 0.

Thus, the path of the electron, as parameterised by %, is given by:

z(t) = asinwt + bt; y(t) = a(l — coswt); z(t) = 0,

where w = eB/m, b= E/B, and a = (vg — b) /w, as desired.

Problem 36.

Solution: First, note from the figure that the small angle of oscillation, ¢, is distinct from
the angle # at which the plumb bob in equilibrium hangs, and which does not need to be
small.

a=0.1g

-

i) CiS

In the O’ frame, the net apparent “gravitational” force on m is given by:

—/

=ai—g) = ¢ = gV1.0L

If we rotate the coordinate system, O’, by the angle 6 to O”, as shown in the second FBD,
the situation is identical to that in a non-accelerating frame other than the fact that ¢’

40



has been substituted for g. Thus, we can immediately write for the angular frequency of
small-amplitude (¢) oscillations of the bob:

Y
P4

Therefore, the period of oscillation of the plumb bob in the accelerating boxcar, 7/, is:

27 [ [ l
T w Ty T T gvtot 7T\[g

= |7 =0.9975T,

where [ is the length of the cord, and 7 is the period of oscillation when the boxcar is not
accelerating.

Problem 37.

Solution:  This follows closely example 5.2.2 of the text (eds. 6 and 7). As shown in the
figure, let the leading point on the wheel be Q, and let the point at the centre of the track
be the origin of an inertial coordinate system, O. Then, as we did in class, consider an
accelerating coordinate system, O’ at the axle of the wheel that does not rotate with the
wheel. Thus, K always points vertically and 2" always points towards O. 7

Start with equation (5.2.14) of the text:
i =ad+dx7+2ax0 +@x (@x7)+A. (1)

Since the wheel does not slip, the translational
speed of the wheel relative to O, vy, is also the
tangential speed of any point of the rim relative
to O'. Thus,

Step 1: “Hunting and gathering”.

v
acceleration of Q relative to O”: a = ?Oj';
Un ~
angular velocity of O’ relative to O: & = 2k (not Q about O'!);
)
angular acceleration of O’ relative to O: & = 0;
position of Q relative to O': 7= —bj’;
velocity of Q relative to O”: 7 = —vok;
2
S
acceleration of O’ relative to O: A=2%
p
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Step 2: Do the cross products.

transverse term:
Coriolis term:

centrifugal term:

WX T

/

20 x v’

& x (b x7)

Vo

)= b

Step 3: Assemble the accelerations: Substituting everything into equation (1), we get:

2

(Y
a= fj’+0+0+

2

Vo
2

P

2

_bj/+v_0@'
p

=

—

a

Vg
= —Oz'—i—vgb

2

(

11\,
ﬁ—i_ﬁ J -

Problem 38.

Solution:

a) As in the figure, define a rotating coordinate system, O’, such that 7’ remains

along the rod and such that the origin of O’ coincides with the origin of an inertial coordinate

system, O. Then,

Step 1: “Hunting and gathering”:

angular velocity of O’ relative to O:

angular acceleration of O’ relative to O:

position of m relative to O':

velocity of m relative to O':

acceleration of m relative to O’:

acceleration of O’ relative to O:

Step 2: Do the cross products:

transverse force:
Coriolis force:

centrifugal force:

—m@ X 7
—2m@ x v’

—m@ X (@ x )

—

w

=y

Q

o

0;

—2mwi’'k’ x i’

—mw?a K x (K x 1)

y/

AY

—2mwi’}’;

= mw?z?’.

Step 3: Assemble the forces: From the figure, the only real force acting in the z’-y" plane is
the normal force: F' = Nj’. Substituting this and the inertial forces into equation (5.3.2) of

the text:

—

F'r'=F—-—mdxr" —2mdx v —md x (Jx7)— mA = md’,
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we get:

mw?a't! + (N — 2mwi’)j’ = mi'i’.

Since we are being asked about the motion along the rod, we only need consider the 7’
component of this vector equation. Thus,

Wi =i = 2(t) = A" + Be™ and i(t) = Awe”! — Bwe .

Imposing boundary conditions,

[ [
) = = A+B=-
v =5 = AtB=5 U 4 _p_ i,
#0)=0 = A—B=0
and we have:
l l
2'(t) = 1 (e +e") = Ecoshwt. (1)

b) To determine when the bead reaches the end of the rod,
(ewt + e—wt) = 6wt + 6—wt —4 =0

= -4 +1=0 =

4416 —4
et = — = 2+ /3.

For wt > 0, e“' > 1 and we choose the positive root to get:

wt =m@2+V3) = |t~

c¢) Finally, differentiating equation (1), we get:

’U/t — lﬁ ewt_e—wt )
4

When the bead leaves the rod, e** =2 + /3, and thus:

lw(2+\/§— ! 2_\/§> lw(2+x/§—2+x/§>

UI

et T 2+V32-v3) 4

= [V() = lw
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Problem 39.

Solution: a) In a coordinate system O’ fixed to the ground in which 2’ points east, y’ points
north, and 2’ points upward along the plumb line, v/ = vp7’ and & = w(cos A}’ + sin A\k)
woth vy = 180ms " and w = 7.292 x 10~°rads™'. Thus,

Frop = —2ma x 0 = —2mwug(cos A’ x j +sin AE x )

= 2mwugsin A2’ = m(0.0172ms™?) due east.

b) As a ratio of its weight, the Coriolis force is:

Feor _ Zmwvesind - oo 1073,
mg g =

using ¢ = 9.81ms~!. For a 2,000 pound car, this represents a force of about 3.5 pounds.

Problem 40.

Solution: From class, we found the east-west and vertical coordinates, (2', z’), of a projectile
near the surface of the earth are:

/ -/ 201 . wgts
Z'(t) = &yt — wt*(,cos A — g,sin \) + —g cos A; @

Z(t) = )t — Lgt® + wt’i] cos A,

taking the initial position (z{, 2{,) = (0,0). Since the initial velocity is directed eastward at
an elevation angle «,

270 = (1'09 ’gOa ZO) = (UO COs &, O> Vo sin Oé),
and equations (2) become:
t
7' (t) = vjtcosa + wt? cos A (% — g sin a) ; (3)

Z'(t) = vjtsina — 1gt* + wt*vy cos avcos A (4)

a) When the bullet hits the ground, 2’(¢) = 0 and equation (4) requires,
t(vgsina — $gt + wtv) cosacos A) = t[vjsina — (g — wugcosacos\)| = 0

20h sin «
= t=0 or 0

g — 2wvfcos acos N’

corresponding to the beginning and the end of the trajectory respectively. Thus,

20} si 2] !
t = w(l— “% cosozcosA) ,
g g
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which is equation (1).

b) Assuming wv| < g, the second term in the binomial is < 1, and we may use a binomial
expansion to get:

2wy}, - 2wy},
1-— COS (0 COS \ =1+ COSQCOS A+ -+,
g g

retaining just the first two terms. Thus, equation (1) becomes:

20 sin 2wl 20 sin 2ul sin o 2wv!
~ M(1%— uwocosacos)\) — %S a+ Yo a uwocosacos)\
g g g g g
sin 2«
! o3 12 :
2, sin v n v” 2sinacos v 2w cos A
g . g g
Ry
2uhsina 2wRgcos A
= t =~ 0 + 0 3 (5)
g g

as desired.

c¢) Finally, for the range, Ry, we use equation (3) evaluated at time ¢. Now, the first term
in equation (3) has no factor w, and so we must include both terms in equation (5) when
substituting for ¢. However, the second term in equation (3) is already proportional to w, and
thus when substituting for ¢, we may retain just the leading term in equation (5). Bearing
all this in mind, we have:

20} si 2w Ry cos A 20 sina'’
2 (t) ~ v6< R e )cosa+w<w) COSA(%%—UéSiHQ)

g g q '
1,
Ulzsin 20[ 2U/ COS (v 4'U SlIl o 3'U0 Slna{
= 2" twcosA | Ry 0
g 3¢2
—
Ry
= Ry + wcos \ RO\/QC?SOK oV 2 sin a cos o _1\/?1)63(28inozcosa)3/2 sin®2a
gsma V9 3Vyg g3/2 cos?a

g

VR Ry*

2R} 1/2 Y
= |2/(t) = Ry = Ro+ | —wcos A [ cot a—gtan al,
g

as desired.
If you put in the numbers, for a rifle with a muzzle speed of 500 ms~! aimed at an elevation
angle of & = 30°, the range without taking into account the earth’s rotation is Ry = 22,070 m.
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The correction term proportional to w = 7.292 x 10~° rad s~ amounts to an additional 89.3 m
at latitude A = 45° N, or about 0.4%. In fact, atmospheric effects are a much more important
modifier to Ry than the effects of the earth’s rotation.
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